GLOBAL SOLUTIONS OF QUASILINEAR SYSTEMS OF KLEIN GORDON 

EQUATIONS IN 3D 
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ALEXANDRU D. lONESCU AND BENOIT PAUSADER 

Abstract. We prove small data global existence and scattering for quasilinear systems of Klein-Gordon 
equations with different speeds, in dimension three. As an application, we obtain a robust global stability 
result for the Euler-Maxwell equations for electrons. 
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1. Introduction 

In this paper we consider systems of quasilinear Klein-Gordon equations with different speeds and 
masses in dimension three. Our aim is to prove that small, smooth, and localized initial data lead to 
global solutions, assuming only certain mild non-degeneracy conditions which are automatically satisfied 
in our main applications. The method we develop appears to be robust enough to deal with many 
situations that involve large space-time resonant sets, at least in dimension three. 

We will focus on two examples which should be sufficient to illustrate the scope of our method. We 
first consider quasilinear systems of Klein-Gordon type with pointwise quadratic nonlinearities 

{dtt-clA + bl)u,^F,, ae{l,...,d}, (1.1) 
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satisfying a hyperbolicity condition on the quasilinear term in the nonlinearity. Variations on such systems 
have been proposed in I17j to model bilayer materials. This problem also appears in 1. as an important 
toy model. More specifically, this problem when the speeds are the same has received a lot of attention 
in low dimensions j4i il3i |22 . 

Our second model case is the Euler-Maxwell system for electrons. This is a simplification of the two 
fluid Euler-Maxwell system, which is one of the main models in plasma physics. We refer to yp for some 
physical reference and to [8, 9 for previous mathematical study of the solutions. The system describes 
the dynamical evolution of the functions Tig : M'' — > M, Ug, E\ _B' : M'' — > M'^, i.e. 

dtUe + div(neWe) = 0, 



dtVf. + • VWe = ^Vrie 



E' + B' 
c 



(1.2) 



dtB' + cS/ X E' = 0, 

dtE' -cV X B' = AireneVe, 

together with the elliptic equations 

div(B') = 0, div{E') = -~4ne{n^ - n"). (1.3) 

Here e > is the electron charge, Pe is related to the effective electron temperatur^^, "m-e is the mass of an 
electron and c denotes the speed of light. The two equations (jl.Sp are propagated by the dynamic flow, 
provided that they are satisfied at the initial time. In addition, we make the following irrotationality 
assumption which removes a non decaying component, 

B'{0) = X t;p(0), (1.4) 

e 

and which is also propagated by the flow and remains valid for all times. 

In the case of the system (|1.2|) - (|1.4|) we want to explore the stability of the equilibrium solution 
(rip, tip , E°, B^) = {n°, 0, 0, 0), n° > 0. In the system above, we have chosen a quadratic pressure p(np) = 
Pen\/2. This is chosen only to minimize the number of terms in the nonlinearity but does not make the 
system (jl.2[) symmetric and in particular, one needs to add a cubic correction to the energy estimates. 

In both cases (|l.ip and (|1.2p - (|1.4p . we prove that small, localized, and smooth initial data lead to 
global classical solutions that scatter. Below is a precise description of the main results. 

1.1. Statement of the results. Given a real- valued vector u — [ui, . . . , Ud) : M3 X [0,T] -^W\ue 
C([0,T] : H^) n Ci([0,r] : H^~^^ for some T > 0, d > 1, and TV > 5, we consider quadratic 
nonlinearities of the form 

3 d 

F, := E G'^AdkU, + Q^, (1.5) 

j,k=l v=l 

where, with Oq := dt, 

Gjt = G^liu, V^^tu) := J2 f E ffM-^'"- + ^f-"-) ' at'a, e K, (1.6) 
CT=i \;=o / 

and Qfj, — Qfj,{u,'Vx.tu) is an arbitrary quadratic form (with real constant coefficients) in (ua,dkUa), 
a e {1, . . . , d}, k E {0, 1, 2, 3}. We assume that G^^ are symmetric in both /i, v and j, k (the latter not 



^More precisely, kgTe = 'nP Pe, where kg is the Boltzmann constant. 

"^In the paper we let = denote standard L'^-based Sobolev spaces of complex vector-valued functions / 

"^j m = 1, 2, . . .. We let = H^^^^ denote L^-based Sobolev spaces of real vector-valued functions / : M'^ - 
= 1,2 
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being a restriction in generality), i.e. 

gjkl ^ Jkl ^ kjl ,jk ^ ,jk ^ ,kj /-, j\ 

for all choices of j, k, I and /i, z^, a. 

We consider general systems of Klein-Gordon equations of the form 

{d^-clA + bl)u, = F,, fi = l,...,d, 

where the coefficients 61, . . . , fe^, Ci, . . . , satisfy the non-degeneracy conditions (11.81) below and the 
quadratic nonlinearities are as before. Our first main theorem concerns the global stability of the 
equilibrium solution u = 0. More precisely: 

Theorem 1.1. Assume A > 1, d > 1, and 61, . . . , 6^, ci, . . . , € [1/A,A] satisfy the non-resonance 
conditions 

\bcri + focra -bcr.^\> l/A foT any CTi,cr2, (T3 G {1, . . . , d}, 

|c<Ti - CcrJ, l&o-i - fecrj e {0} U 00) for any ai, a2 & {I, ■ ■ ■ , d} , (1.8) 

(c^i - c^2)(Ccti^<t2 - c^2^^i) - ^""^ ""2/ en, 0-2 e {1, • • • 

FFe /la: quadratic nonlinearities ..,;;} '^■s (|1.5p ~ (|1.7p . let Nq — 10'*, and assume that Vq^Vi : 

R'^ — > R'' satisfy the smallness conditions 

||voll^^"o+i + ||«i||^«o + 11(1 - A)i/2vo||z + ll^'illz - £0 < e, (1-9) 

where e — e(c?, A, i^^) > is sufficiently small ( depending only on d, A, and the constants in the definition 
of the nonlinearities F^), and the Z norm is defined in Definition \2.3i 

Then there exists a unique global solution u £ C([0, 00) : H^°''^^) H C"'^([0, 00) : H^°) of the system 

id^~clA + bl)u^ = F^, /x = l,...,d, (1.10) 

with initial data (u(0), 'it(O)) — (vq^vi). Moreover, with (3 = 1/100, 



sup [\\u{t)\\^No + l + \\u{t)\\^No\ 

tG[0,oo) 

+ sup {l + tY+f^[ sup \\DP^u{t)\\L'^ + sup \\DP^u{t)\\L^] <£o- 
tG[0,oo) |p|<4 |p|<3 



(1.11) 



Remark 1.2. (i) The non- degeneracy condition (|1.8p is automatically satisfied if the masses are all 
equal, bi = . . . = bd, which is the case in our main application below to the Euler-Maxwell system, 
(ii) Qualitatively, our condition on the parameters is 

bi,---,bd,ci,...,cd e (0,00), 

\bcn +b„^ -b„.^\ 7^0 for any cti , CT2 , 0-3 e 

(co-i - Co-J(c^j 6(72 ^ c^a^'^i) - for any cti,CT2 G {1, . . . ,d}. 

The point of the quantitative formulation in (jl.8l) , in terms of the large parameter A, is to indicate the 
exact dependence of the smallness parameter e in (jl.Op . 

(Hi) The condition (|1.8p can certainly be relaxed. We have chosen this condition mostly because it is 
automatically satisfied in our application to the Euler-Maxwell system, can be explained conceptually in 
terms of the non-degeneracy of the space-time resonant sets, see subsection \l.S\ and reduces the amount of 
technical work. However, it seems natural to raise the question of whether this condition can be eliminated 
completely. 
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We turn now to the Euler-Maxwell system. Recalling the system ()1.2|) . we make the changes of 
variables 

ne{x, t) = n''[l + n{Xx, Xt)], 
Veix, t) — u(Ax, Xt), 
E'{x,t) = ZE{Xx,Xt), 
B'{x,t) = cZB{Xx,Xt), 

where 



The system p.2p becomes 



wher^ 



, Z -.^ — . 



dfU + div((l + n)v) ~ 0, 

dtv + V -Vv + TVn + E + vxB:^0, 

dtB + V X E = 0, 

dtE - c^V X B = (1 + n)v, 



T := > 0. 



For any > 4 we define the normed space 

:= {{n, V, E, B) : ^ R X X X : 

\\{n,v,E,B)\\^,, \\n\\HN + \\v\\h^ + \\E\\h^ + \\B\\h^n < oo}. 
We can now state our second main theorem. 
Theorem 1.3. Let Nq = 10"^ and assume that {na,Va,EQ,Bo) e H^"+^ satisfies 

\\{no,vo,Eo,Bo)\\^^„+, + \\{l - Ay/^EoWz + ^y^^voWz = eo <e, 

HQ — —div{Eo), Bq = V X vq, 



(1.12) 



(1.13) 



(1.14) 



where e = e{c,T) > is sufficiently small, and the Z norm is defined in Definition \2.3[ Then there 
exists a unique global solution (n, v, E,B) e C([0,oo) : i/^o+i) of the system p:T^ with initial data 
(n(0),f(0),^(0),B(0)) = (710,1-0,^0,50). Moreover, 

n{t) = -div{E{t)), B{t)^Vxv{t), for any t e [0 , oo) , (1.15) 

and, with (3 = 1/100, 

sup \\in{t),v{t),E{t),B{t))\\^,^^,+ sup sup (1 + i)i+'^(p^t;(i)||L- + PSS(<)IU-) < So- (1.16) 
te[o,oo) te[o,oo) |p|<4 

We remark that our restriction n = — div(_E), together with the assumptions on E, can only be satisfied 
if n(t) dx = 0, which means that we are only considering electrically neutral perturbations. 

1.2. Comments and plan of the proof. 



is often called the "electron plasma frequency" , is the density of mass, and \/T is then the thermal velocity. 
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1.2.1. Previous results on systems of Klein- Gordon equations. Systems of wave and Klein-Gordon-type 
equations have been studied by many authors, as they appear as natural models of physical evolutions. 
We also refer the reader to the introduction of [T for a review on previous works. 

The scalar case (or the system when all the speeds are equal and all the masses are equal) has been 
studied extensively. Some key developments include the work of John |15j showing that blow-up in finite 
time can happen even for small smooth localized initial data of a semilinear wave equation, the introduc- 
tion of the vector field method by Klainerman [18^ and of the normal form transformation by Shatah [20] , 
and the understanding of the role of " null structures" , starting with the works of Klainerman [12] and 
Christodoulou [2]. Recently, a convenient general framework, which explains all of these results in the 
constant-coefficient case in terms of the concept of space-time resonances, was introduced independently 
by Germain-Masmoudi-Shatah 5 and Gustasfon-Nakanishi-Tsai [H]. We will get back to this later in 
this subsection. 

The case of systems of wave equations with different speeds is well understood, both in the semilinear 
and the quasilinear case (see |24) and |21)). provided that the nonlinearities satisfy appropriate null 
conditions, similar to those in the scalar case. 

The case of Klein-Gordon quasilinear systems with equal speeds, ci — . . . — Cd — I, and different 
masses is also well understood both in dimensions two and three. For example, in [4], the authors show 
that if 6crj + ba-2 —ba-3 7^ for any cti, fT2, cts, then one has global existence and scattering in dimension two. 
If this condition is violated, then the same conclusion holds if the nonlinearity satisfies an appropriate 
null condition. We refer to [T31 [23] for related works. 

As pointed out in [^ a key new difficulty (the presence of a large set of space-time resonances) arises 
when the velocities are allowed to be different. In [7], the author studies semilinear systems of two 
Klein-Gordon equations when the masses are equal, bi — 62 in dimension three. Under a less explicit 
assumption on the velocities that covers most (but excludes some) parameters, he obtains global existence 
and scattering with a weak decay like t~^/^ of the solution as i — )■ 00. 

In [8], the authors study the Euler-Maxwell system for the electron (|1.2|) - (|1.4|) in dimension three and 
obtain global existence and scattering with weak decay by an elaborate iterated energy estimate. The 
results are conditional on c and T satisfying an implicit relation that holds for most (but not all) values 
of T, c. 

With respect to the previous works, we remark that our result in this paper is obtained by a robust 
method, which yields time-integrability of the solution in and holds for all values of the velocities 
when the masses are equal. In addition, our smallness assumption is expressed explicitly in terms of the 
parameters, and the number of the derivatives A'o needed is quantified (although most likely not optimal). 

1.2.2. General strategy. Systems (|1.1|) and ()1.2[) are hyperbolic systems of conservation laws and no 
general theory exists yet for such systems, even for the scalar case. Indeed, systems which are remarkably 
similar to ()1.1[) can be shown to have rather opposite behavior, even for small, smooth initial data, from 
blow up in finite time for all positive solutions of the quadratic wave equation [TS] to global existence 
and scattering for the quadratic scalar Klein-Gordon equation [20]. The case for systems is even more 
complicated and only few partial results are known [4] [T] [13] . 

We follow and extend the analysis started in our previous work [14] . We refer to [U [5] [HI [TBI [2Q] for 
previous seminal work on dispersive quasilinear systems. The main two challenges we face are: 

(i) overcoming the quasilinear nature of the nonlinearity to ensure global existence, 

(ii) obtaining decay of the solution to control the asymptotic behavior. 

Fortunately, these two difficulties are complementary provided one obtains sufficiently strong control. 
Indeed: 

(I) the loss of derivative coming from the nonlinearity is overcome by using energy estimates which 
allow to control high-regularity norms provided a lower-order norm remains small. 
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(II) the decay estimate, if implying time-integrability precisely propagates the smallness of low reg- 
ularity norms globally in time. This is obtained from a delicate semilinear analysis assmning that high 
regularity norms remain bounded. Together, these two ingredients allow a bootstrap in time which yields 
both global existence and scattering. 

The energy estimates come from the conservative structure of the equation and depend on delicate 
symmetry properties of the nonlinearity. In order to be extended globally, they demand a decay of some 
norm of at least 1/t. 

This decay is provided by the semilinear analysis of systems of dispersive equations. We use the 
Fourier transform method. After suitable algebraic manipulations, this is reduced to the study of bilinear 
operators of the form 

m9m= f f e^'''^i'''^mitrim-V,t)9{n,t)d7^dt. (1.17) 

As a first approximation, one may think oi f, g being smooth bump functions and m being essentially a 
smooth cut-off, and the main challenge is to estimate efficiently the infinite time integral. It then becomes 
clear that a key role is played by the properties of the function $ and in particular by the points where 
it is stationary, 

V(t,^)[i$(e,?7)] -0. 

This was already highlighted in [S] and forms the basis of the space-time resonance method. In some 
situations, one has no or few fully stationary points and the task is mainly to propagate enough smoothness 
of /, g to exploit (non) -stationary phase arguments. 

However, this is not the case in the models in this paper and we have to face some unavoidable "space- 
time resonances" . Under some conditions that enforce non-degeneracy of the phase at critical points, we 
perform a robust stationary phase analysis of this case. We believe this forms the main contribution of 
the present work and we present it below in more details. 

1.2.3. Space-time resonant sets. The analysis of operators of the form (jl.l7p relies especially on the 
properties of the phase $ which, in our case, is of the form 

$ = A^O ± A^(e - V) ± A.(e - v), A,(^?) = ^bl + cl\e\^, p e {a, ^, v}. 
As in [S], one can define the space- resonant set 

n, = {{^.il): V,$(^,^)=0}, 

the time-resonant set 

7^t = {(e,^): ^(e,'/) =0}, 

and the set of space-time resonances 

The absence of any stationary point corresponds to the condition 72. = 0. This holds in a certain number 
of cases and the semilinear analysis can be carried out using integration by parts arguments either in x 
or in t. It is remarkable that the simple condition TZ = % explains essentially many of the classical global 
regularity results, see the longer discussion in [7]. For example the case of scalar Klein-Gordon equations 
corresponds to 7?.t = 0, in which case one can perform an integration by parts in t (the normal form 
method 

More generally, one can sometimes adapt the integration by parts semilinear arguments even if the set 
TZ is nontrivial, provided that either the multiplier m in (I1.17|) or the ^ gradient vanish suitably on 
this set. In the case of wave equations, the vanishing of m corresponds precisely to Klainerman's "null 
condition" [19]. See also O [HI |6l [TOl [HI [12] for recent results exploiting these ideas. 

However, it was observed by Germain [7] that the case of Klein-Gordon systems with different speeds 
is genuinely different, even in the case of a system of two equations with equal masses 6i = 62. In this 
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case one cannot avoid the presence of large sets of space-time resonances and there are no natural "null 
conditions" . In general, the sets of space-time resonances take the form 

7^ = {(C,^) = (^e,r'e):ee§2|^ 

for certain values r, r' G (0, oo) which depend on the parameters. In other words, the set 7?. is a 2- 
dimensional manifold in M.^ x M^, which should be thought of as the natural situation, in view of the fact 
that it is defined by four identities $(^,??) — V^$(^,77) = 0. 

A partial result, which assumes certain separation conditions of the problematic frequencies, was 
obtained in [7] in the semilinear case, and later extended to a quasilinear example in [5]. The results 
in [7] and [5] appear to hold only for "generic" sets of parameters, and the required smallness of the 
perturbation depends implicitly on these parameters. 

Our analysis in this paper can be understood as a robust analysis of the case of non-degenerate 
resonances TZCiV — ^, where T> is the degenerate set 

V = {(C, v) ■■ det[v2 ,,<&(e, r;)] = 0}. (1.18) 

The analysis seems to be limited to dimension three (and higher), and the method does not appear to 
extend easily to the two-dimensional case. It is possible, however, that this analysis can be developed 
further to allow for low-order degeneracy of the phase, thereby removing the condition on the parameters 
6(j, C(j in (jl.Sp . Wc note however, that this would require nontrivial change of the norms as it becomes 
likely that the gap in xL^ integrability would increase between "weak" and "strong" norms. We note 
also that our conditions are sufficient to cover our main physical application. 

Regarding the precise relations on the parameters in ()1.8p . the first condition ensures that (0, 0) is not 
time-resonant and thus this point plays little role. Note that (0,0) is a specific point as all the gradients 
vanish there. The second condition only refiects a lack of uniformity of the estimates in terms of the gap 
between like parameter^. Finally, the third condition is equivalent to asking that there are no degenerate 
space-time resonant points in M'^ x \ (0,0). We justify this at the end of this section. 

The relevance of (jl.l8|) can be illustrated by the fact that, after suitable manipulations and use of 
Morse lemma, the study of operators like (|1.17p can be reduced to the study of operators in standard 
form: 

T\Um= I I e"l''-P«)l'm(C,77)/(^-7;,i)?(»7,i)'^^di- 

for some smooth function p : M"^ -H- R^, which allows for precise estimate on the phase. 

1.2.4. Norms. The choice of the Z-norms we use in the semilinear analysis, see Definition 12.31 is very 
important. These norms have to satisfy at least two essential requirements: 

(a) they must yield a 1/i decay after we apply the linear flow, 

(b) they must allow for boundedness of the basic interaction bilinear operator ()1.17p . 

The simplest energy-type norm compatible with (a) corresponds to x~'^^^^^ LF' [dx] . This is, essentially, 
the "strong norm" B], ^ in (|2.19|) Q and we are able to control most of the interactions in this norm. 

^As different velocities and masses approach each other, the corresponding spheres of "space-time resonances" go off to 
infinity, see 111.2011 . However a slightly more careful analysis would yield the wanted uniformity, at the expense of some 
clarity of the proof. 

'^We prefer, however, to first localize all our functions both in space and frequency. One should think of a function as 
composed of atoms, 

fe.jGZ, k+j>0 k,jeZ, k+j>0 

where the atoms ff^j are localized essentially at frequency ^ 2* and distance 2^ from the origin in the physical space. 
Then we measure appropriately the size of each such atom, and use this to define the Z norm of /. This point of view, 
which was used also in |14 |, is convenient to deal with the main difficulty of the paper, namely estimating efficiently bilinear 
operators such as those in l|1.17|l . 
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Unfortunately, certain interactions, corresponding to space-time resonances, are simply not bounded in 
this norm, even for inputs f,g which are small smooth bump functions of scale 1. This forces us to add 
another component to our space, measured in the "weak-norm" which has insufficient xL^ integrability. 
This corresponds to ^ in (j2.19l) . Fortunately, these only happen on an exceptional set of frequencies 
and the "weak norm" has an additional component that captures the essential two-dimensional nature 
of the support of these solutions. This smallness on the support then more than compensates for the 
weaker integrability and yields the all-important 1 /t decay. 

In addition, although fundamental, the gap in L^-integrability between weak and strong norms is 
sufficiently small to allow us to treat the two norms similarly for most of the easier cases, thereby keeping 
the computations manageable. 

1.2.5. Condition on the parameters. We finish this section with simple computations showing that the 
condition (|1.8I) implies the absence of degenerate space-time resonances, i.e. TZCiV ~ 9. Let 



v) = A,(0 - eiA^(e -rj)- eieA,(r,), ei, e e {-1, 1}. 

Clearly, $(0,0) — 6^ ± 6^ ± &^ and therefore, the first equation in (jl.Sp forces (^,77) — (0,0) to not 
be time- resonant. Moreover, clearly any point of the form (^,77) — {£,,0), £ M.^ \ {0}, cannot be 
space-resonant. 

We show now that (^,77) cannot be a degenerate space-time resonant point, provided that p.Sp holds 
and rj ^ 0. We may assume, without loss of generality, that 

Cf, > and 6,.c^ > &^c^. (1-19) 



The relation 



is satisfied if and only if ^ = (7(77), where 



(V,<i>)(C,r/)=0 



''^'^^^[' + ^6^c;i + c;i4|'pL^.c^|77P)V.]^- (1-20) 
Clearly, r = \q(j])\ depends only on s — \ri\ and 

+ e (121) 

We claim now that 

— >0 if s e (0,cx)) and (g(7y),77) e 7^^. (1.22) 
ds 

Indeed, this is clear from (ll.2ip if e = 1 or if e = — 1 and either &^c^ > &p,c^ or c^> c,j. In the remaining 
case e — —1, = Cj,, — by, we have 9(77) = 0, so ^{q{r]),r]) = A„{0) ^ 0, therefore {q{r]),r]) ^ TZt- The 
conclusion (|1.22p follows. 
Finally, we show that 

det[(V2 ,,$)(<;(77), 77)] ^0 if77eR3\{0}and(g(77), 77)e7^t. (1.23) 

Letting 2(^,77) := (V^<f>)(^, 7y), we start from the defining identity 'E{q{r]),ri) — and differentiate with 
respect to rj. It follows that 

It follows from (fr20| and (fr22|) that dei{dq/dr]) ^ 0. Moreover, using the definition, det(9S/aC) = 
det(V^ j$) ^ 0, and the conclusion ([L23l) follows. 
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The rest of the paper is organized as follows: in Section \2A\ we prove Theorem 11.11 and Theorem 11.31 
relying on a decay assumption. This is then proved in Section[3]and Section|4]where we prove respectively 
the continuity of the Z-norm that captures the decay and a bootstrap result that gives global control of 
this norm assuming global bounds on high-order energy. Finally, in Section [5l we provide some needed 
technical estimates and we study the relevant sets associated to our phases. 

2. Reductions and proofs of the main theorems 

2.1. Local existence results. In this subsection we state and prove suitable local regularity results for 
our equations. 

We start with quasilinear systems of Klein-Gordon equations. For a G {1, . . . , d} assume that b„,Ca £ 
[l/A, A] and are nonlinearities as in ^^-^Ji). For TV > 4 and u e C([0, T] : i7/^)nCi([0, T] : Hj!^-^) 
we define the higher order energies 




The following proposition is our first local regularity result: 

Proposition 2.1. (i) There is Sq > such that if 

\\va\\Hi + \\vi\\„3 <So (2.2) 

then there is a unique solution u = (wi, . . . , Ud) G C([0, 1] : Hf) H C^([0, 1] : H^) of the system 

{d?-clA + bl)u^ = F^, /x = l,...,d, (2.3) 

with (it(0),u(0)) = {vo,vi). Moreover, 

sup \\u{t)\\H4+ sup 11^(^)11^3 < IIuoIIh-i + ||wi||^3. 
te[o,i] te[o,i] 

(it) IfN>4: and (wo,wi) e x H^-^ satisfies ^T^, then u G C([0, 1] : H^) n C^{[Q, 1] : H^-^), 
and 

£l''{t')-£^^{t) < f £^^{s) ■ [ E WMs)U^ + E \\D^u{s)\\l^] ds, (2.4) 

|p|<2 |p|<l 

for any t < t' E [0, 1] . 

We remark that the non-resonance condition (jl.Sp is not needed in this local regularity result. On 
the other hand, the symmetry conditions (|1.7|) on the quasilinear components of the nonlinearities are 
important. 

Proof of Proposition \2.1\ The local existence claim in part (i) and the propagation of regularity claim 
in part (ii) are standard consequences of the general local existence theory of quasilinear symmetric 
hyperbolic systems, see Theorem II and Theorem III in [16]. To prove the estimate i\2A\ . we use the 
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equations (|2.3p and the definitions to estimate 

d 



d 3 



|p|<JV-l -^^''17=1 -'^^ a,u=l j,k=l 

^ d 3 

E I / E E ^t^^t • 9,DPu^ ■ dkDPu, dx 

<N-1 tJ.-M=l 'j,k=l 



\p\<N-l 

(2.5) 

We will use the standard bound 

\\DPJ-DP^g\\L2<\\VJ\\L^\\g\\HM + \\V^g\\LAf\\HM. (2.6) 

provided that |p| + \p'\ < M + 1, M > 1, and \p\, \p'\ > 1. For any multi-index p with |p| < iV — 1 we 
estimate, as long as ||u||h4 + ||u||/f-3 < 1, 

^ d 3 

/.EE ■ ^^^>P ■ dkDPu.dx\ < • [ E ii^>iu- + E \\d>\\l^], 

•'^^ ^i.M=lj.k=l \a\<2 \a\<l 

and, using also 



^ d 

/ y^2{dtDPu^)-DPQ,dx < [II 

Jr3 , 



+ Ml«-^] ■ [ E \\d>\\l^ + E 



<y=\ |a|<2 |a|<l 

Moreover, for any j, fc € {1, 2, 3} and ct, G {1, . . . , d} we estimate, using (|2.6p . 



< 



] ■ [ E ii^>iii~ + E ii^""iii~]' 

l"l<2 |q|<i 



and 



/ 2dtDP^u„ ■ Gil ■ DPdjdkU, dx + f 2Gil ■ dtd^DPu^ ■ dkDPu, dx 



< 



] ■ [ E ii^>iii~ + E w^x^h^]- 

\a\<2 |a|<l 



Therefore, using (12.5 



fj^^w <[\Hmi. + \\um'H...]-[j2 \\DMn)\\L^+ E p>wiu-], 



|a|<2 



q|<1 



for any t G [0, 1]. We notice that || 
The desired estimate (12.41) follows. 



Iff" 



+ ll^Wllffiv-i ~ SN^^it), provided that ||w||h4 + ||u||h3 < 1. 



□ 



We consider now the Euler-Maxwell system. Recalling the definition (|1.13p . for any (n, v, E, B) E 
we define 



and 



E / [T\D'^n\^ + {l + n)\DPv\^ + \DP,E\^+c^\DP,B\^]dx, (2.7) 

(2.8) 



\P\<N' 



\\in,v,E,B)\\z' ||Vn|U^ + ||i;|U^ + ||V«|U» + ||V£;|U» + \\B\\l^ + \\VB\\l 
The following proposition is our second local regularity result: 
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Proposition 2.2. (i) There is 5o> Q such that if 

||(no,Wo,£^o,Bo)b4 < (Jo (2.9) 

then there is a unique solution (n, v, E, B) G C([0, 1] ; H^) of the system 

dtn + div[[l + n)v) = 0, 

dtv + v-Vv + TVn + E + vxB = 0, 

dtB + V xE = 0, (^-^^^ 

dtE - c^V X B - (1 + n)v = 0, 

with (n(0),w(0),£;(0),S(0)) = (no, wo, -Bo, Bq). Moreover, 

sup \\{n{t),v{t),E{t),B{t))\\f^, <\\{no,vo,Eo,Bo)\\H,. 
te[o,i] 

(it) IfN>A and {no,VQ, Eq, Bq) € -ff^ satisfies JlH), then {n,v,E,B) € C([0,1] : H'^), and 

£N{t')-EN{t)< I EN{s)-\\{n,v,E,B){s)\\z'ds. (2.11) 



for any t<t'e[Q,l]. 

(Hi) If {nQ,vo, Eq, Bq) £ iJ* satisfies ()2.9p . and, in addition, 

div{EQ) + n-o = 0, Bo - V x = 0, 

i/ien, /or any t G [0, 1], 

div{E){t) + n(t) = 0, B(t) - (V X v){t) = 0. (2.12) 

Proof of Proposition \2.S\ We multiply each equation by a suitable factor and rewrite the system (j2.10l) 
as a symmetric hyperbolic system. 



k—l k,m—l 



Tdtn + Tj2vkdkn + T(l + n) ^ dkVk = 0, 
fc=i fc=i 

3 3 

(1 + n)dtv-i + T{1 + n)djn + (1 + n) ^ VkdkVj = -(1 + n)Ej - (1 + n) ^ e^mfc VmBk 

3 

fc,m— 1 
3 

dtEj - ^ e^mfe 9m-Bfc = (1 + n)vj 

k,ra—l 



Then we apply Theorem II and Theorem III in |16| to prove the local existence claim in part (i) and the 
propagation of regularity claim in part (ii) . 

To verify the energy inequality p. lip we let, for P ~ DP, \p\ < N, 

£'p:^ [ [T\Pn\^ + {l + n)\Pv\^ + \PE\^ +c^\PB\^]dx, 

JR3 
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Then we calculate 



Ac/ 

dt 



£'p = ip + Hp + 1 lip + iVp, 



I 



p ■- 



2TPn- Pdtndx, 



3 

Hp := 2, / dtn ■ Pvj ■ Pvj dx, 

IIIp V / 2(1 + n) ■ Pvj ■ PdtVj dx, 

IVp V / 2PE.i ■ PdtEj dx + ^2 2c^PBj ■ PdtBj dx. 



Then we estimate, using the equations and the general bound 

3 



/p + 2rV/ Pn-{l + n)- PdkVkdx <\\{n,v,E,B)\\\^-\\{n,v,E,B)\\ 



Hp 



< \\in,v,E,B)\\'^, ■ \\{n,v,E,B)\\z' 

3 



///p+2TV / Pdjn-{l+n)-Pvjdx+2y" [ PEyPvy{l+n) dx <\\{n,v,E,B)\\\^-\\{n,v,E,B)\\z', 

3 

IVp-2y2 PE,-Pv,-{\ + n)dx <\\{n,v,E,B)\\\„-\\{n,v,E,B)\\z'. 



Therefore 



dt' 



< 



\\{n,v,E,B)\\jj, ■\\in,v,E,B)\\z' 



and the bound (|2.1ip follows since £n = Sp=_d5 \p\<n^p ~ IK"-' ^)ll|^]v 
Finally, to verify that the identities (|2.12p are propagated by the flow, we let 

X ■.= n + div{E), Y:=B-Wxv. 

Using the equations in (|2.10p we calculate 

3 3 3 

dtX ^dtn + Y, djdtE, ^-Y,^! [(1 + n)vj] + ^ d, [(1 + n)v.j\ = 0, 



i=i 



therefore X = Q. Moreover 



therefore 



i=i 

3 



k=l 

3 3 



k=l 



k=l 



In addition, for any 111,71 E {1, 2, 3}, 
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Finally we calculate, for i e {1, 2, 3}, 

3 

dtYi = dtBi - ^ Gijfe djdtVk 

j,k=l 

3 3 3 3 

1 j,k—l 1=1 l,m=l 

3 3 

= X! ^'J*^ {djVidiVk + vidjdiVk) + Y ^ 

dj{viBm) 

j,k,l=l j,k,l,m=l 

3 3 3 

= Y ^ijk djVl{dlVk - dkVi) + Y ^ijk VldldjVk + Y i^il^jm-SjlSim)dj{viBm) 
j,k,l—l j,k,l=l jjl,m—l 

3 3 

= J2 [{Bi - yi)divi - diVi{Bi - Yi) + vidiiBi - Yi)] + ^ [BjdjVi + VidjBj - BidjVj - vjdjBi] 
1=1 j=i 

3 

1=1 

Therefore, using energy estimates, y = as desired. □ 

2.2. Definitions, function spaces, and the main propositions. We fix <^ : M — > [0, 1] an even 
smooth function supported in [—8/5,8/5] and equal to 1 in [—5/4,5/4]. Let 

<fk{x) := v(kl/2'') - ipi\x\/2''-^) for any k e Z, x e M^ <fi := ^ <fm for any / CM. 

me/nz 

Let 

J:={{k,j)GZxZ+ : k+j>0}. 

For any {k,j) G J let 

{¥'(-oc,-fc](a;) if fc + j = and fc < 0, 
Vi-oo,o] {x) if i = and > 0, 

ifj (x) if + j > 1 and j > 1- 

and notice that, for any k gZ fixed, 

j>— min(/c,0) 

For any interval / C M let 

^f\x):= Y ^r(^)- 

jeiAk,j)eJ 

Let Pk, fc G Z, denote the operator on M.'^ defined by the Fourier multiplier ^ fk{£,)- Similarly, for 
any / C M let P/ denote the operator on defined by the Fourier multiplier ^ — ^ ViiO- ^'^^ k G Z 
let 

:= {(A:i, fcz) G Z X Z : I max(A;i, fe) - A:| < 8}, 

:= {{ki,k2) e Z X Z : max(A;i, ^2) - A; > 8 and \ki - k2\ < 8}, (2.13) 
■^/s ~ -^fc U X^. 
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For integers n > 1 let 

5" :={g:R3^C: llglls. sup sup jCll"! < oo}, (2.14) 

eeK^\{0} |p|<n 

denote classes of symbols satisfying differential inequalities of the Hormander-Michlin type. An operator 
Q will be called a normalized Calderon-Zygmund operator if 

0/(0 = 9(0 • m, for some q G ^S^™, \\q\\s^oo < 1. (2.15) 
For any integer d' > 1 let 

d' 

Md' {m : M3 X k3 ^ C : m(^, ??) = ^ m'(e, r,) • q[{0 • <Z^(e " ^) ' 93 

sup IkilUioo < 1, e {(1 + (1 + h|')^/^ (1 + - r;|2)i/2} for any / = 1, . . . , d'}. 

n6{l,2,3} 

(2.16) 

Definition 2.3. Let 

1/100, a:=/3/2, 7 11/8. (2.17) 

We define 

Z := {f e L\R^) : WfWz := sup \\^f\x)-Pkf{x)\\B,^<^}, (2.18) 

where, with k :— min(fc, 0) and := max(fc,0), 

llglls.,, := inf [hiWel . + \\92\\bI ], (2.19) 

3=91+92 '■ '=•3 ''•J-' 

\\h\\Bi . :=(2"^- + 2io'=)[2(™||/i||i2 + 2(i/2-«fc||/J||^„l^ (2.20) 

and 

\\h\\B2 . := (2"'= + 2i"'=)[2-2/3fc2(i-«^|l/i||i2+2(i/2-«fe||/J||^^ 



_R,e[2-J\2'=],5oeR3 



(2.21) 



In order to properly understand the Z norm, one should keep in mind that the Bj, is the easiest norm 
that one would want to use and in particular its a;-integrability of the L^-norm is sufficient to obtain the 
needed 1/t decay after we apply the linear flow. However, the ^ is forced upon us by the presence of 
space-time resonances. It has slightly too weak decay, but this is compensated for by the last term that 
captures the two-dimensional property of the support. 

The weak component B"^ ^ is important only at middle frequencies |fc| < 1, where one has the more 
friendly expression 



hUi . «2(i+«^||/i|U2 + ||/i|| 



, « 2(i-«-'>|U2 + \\h\\L- + 2^^" sup i?-2|HUi(s(^„,^,)). 



(2.22) 



One should think of j as very large; the B^ j norm is relevant to measure functions that have thin, 
essentially 2-dimensional Fourier support. 

Finally, the weights in k in (|2.20p - (|2.2ip are chosen so as to give (|2.22l) when fc = and so that, at the 
uncertainty principle fc -I- j = 0, all norms should be comparable for a bump function. 

The definition above shows that if ||/||z < 1 then, for any {k,j) G J one can decompose 

■ Pkf = (2"^- + 21"'=)-! (g + h), (2.23) 
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wher^ 

9 = 9-^^^.,,+,^ = (2.24) 

and 

2(i+«^|l.g|U. + 2(1/2-/3)^1,^1,^^ <1, 

(2.25) 

In some of the easier estimates we will often use the weaker bound, obtained by setting R = 2^ , 

2(i+«^||5|U.+2(V2-«ig|U. <1, 

2-2/5fc2(l-/3b|,/^|,^, + 2(l/2-,9)fe||/;||^^ ^ 2(^-^-5/2)fc27J-||/J||^^ < ^ 

As before, assume A > 1 is a (large number), d > 1 is a fixed integer, and 6i, . . . , 6^, ci, . . . , e (0, oo) 
are positive real numbers with the properties 

&i,...,6d,ci,...,Cd e [l/A,A] (2.27) 

and, see (|1.8I) . 

\bai + - V3I > IM for any cti, cr2,cr3 G {1, . . . 

|c<^i - C^J, |5<^i - b^J G {0} U [1/^,00) for any cri,CT2 e (2.28) 

(CcTi - C(T2)(c^i^a2 -Caa^cri) ^ ^ny CTi , (72 G 

Let A„ : ^ [0, cx)), cr = 1, . . . , d, 

A,(0:=(fe^ + c^|eP)^/^ (2.29) 

Let 

Id {(1+), . . . , (d+), (1-), . . . , (d~)}. (2.30) 

Assume D — D{d, A, d!) is a sufficiently large fixed constant. 

Given U = {Ui, . . . , Ud) G C([0,r] : iJ^), for some T >1 and A^ > 4, we are considering quadratic 
nonlinearities of the form 

A^(C,0- y\ I TO.:^,.(^,r/){^(e-r/,t)£^(?7,Od?7, (7 = l,...,d, (2.31) 

for symbols rria.^^^ G TW^', where C/cr+ := C/o-, t/o— := C/(t, f G {1, . . . , d}. 

We claim first that smooth solutions of suitable systems that start with data in the space Z remain 
in the space Z, in a continuous way. More precisely: 

Proposition 2.4. Assume Nq = 10^, Tq > 1, and U = {Ui, ...,Ud) G C([0,To] : ff^«) is a solution of 
the system of equations 

{dt+lha)U,^N,, (7=l,...,d, (2.32) 

where Na are defined as in (|2.3ip . Assume that, for some to G [0,ro]; 

e^toA^UM&Z, (T=l,...,d. (2.33) 



''The support condition 12.241 1 can easily be achieved by starting with a decomposition fj^^-Pkf = {2"*^ +2^"*) ^ (g' +h') 



that minimizes the B^. j norm up to a constant, and then redefining g ■= g' ■ ^i^d h := h' ■ V^jLi j+i 

proof of Lcmma l5.ll 



see the 
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Then there is 



-(To, sup \\e''°^'UM\\z, sup sup ||f/„(i)||ff«o) > 
^ (TG{i,...,d} <Te{i,....d}te[a.To] ' 



such that 

sup sup \\e''^'Ua{t)\\z <2 sup ||e'*°^-t/„(io)b, (2.34) 

te[Q,Ta]nlta.ta+T] a=l,...,d ae{l.,....,d} 

and the mapping t — )■ e'*'^" Ua{t) is continuous from [0, Tq] H [to, + '''] to Z , for any a € {1, . . . ,d}. 

The key proposition is the following bootstrap estimate: 

Proposition 2.5. Assume Nq = 10^, Tq > 0, and U = {Ui, ...,Ud) € C([0, Tq] : H^'>) is a solution of 
the system of equations 

{dt + iKa)U,=N,, (7 = l,...,d, (2.35) 
where Ma are defined as in ((23T|) and the coefficients b^.c^ verify ((2?27|) - ((2^ . A ssume that 

sup sup ||e"^'C/,(t)||H«onz <5i<l- (2.36) 

t6[0,To] (T=l,...,£i 

Then 

sup sup \y'^'Ua{t)-Uam\z<5l, (2.37) 

tG[0,To] a=l,...,d 

where the implicit constant in (12. 37^ may depend only on the constants A, d, and d' . 

We prove the easier Proposition 12.41 in section [3] and we prove the harder Proposition 12. 51 in sections H] 
andO In the rest of this section we show how to use these propositions and the local theory to complete 
the proofs of Theorem 11.11 and Theorem 11.31 

2.3. Proof of Theorem 11.11 We prove now Theorem II. 1[ as a consequence of Proposition [2TT1 Propo- 
sition [231 a-nd Proposition 12.51 Indeed, assume that we start with data {vo,vi) as in p.9|) . where e is 
taken sufficiently small. Using Proposition 12.11 there is Ti > 1 and a unique solution u £ C{[0,Ti] : 
H^°+'^) n Ci([0,ri] : H^°) of the system (gSD, with 



sup ||u(i)||^iVo+i + sup \\u{t)\\^No < Eg' . (2.38) 
«e[o,Ti] '■ te[o,Til 



3/4 

«e[o,Ti] '■ te[o,Tii 

For cr G {1, . . . ,d} let 

Ua{t) ■.= Ua{t)-iAaUa, (2.39) 
where, as in U^Lm . K = {hi - A)i/2. Then G C([0, Ti] : i?^") for any cr e {1, . . . , d}, and 

= -A-i^C/,, = SRC/,. (2.40) 

Using these definitions we calculate 

3 d 

{dt + iK)Ua = {df + hl~ clA)ua =Y.Y. ^-("' "^-.tu)d,dku, + Qa{u, V,,tzi), 

j,fc=i 1^=1 

see p.5p . Using the formulas in (|2.40l) . it is easy to see that this is a system of the form 

[dt+iAa)Ua =Na, cr e {l,...,d}, 

where the nonlinearities Ma can be expressed in terms of the functions Ua as in (j2.3ip . Therefore we can 
apply the results in Proposition l2.4l and Proposition (|2.5p . 

Using the definition ((^3^1) and LemmaO it follows that U e C([0, Ti] : H^") and 

sup \\U{t)\\HNo <el^\ sup ||C/.(0)||z <eo. (2.41) 

te[0,Ti] ae{l,...,d} 
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Let T2 denote the largest number in (0, Ti] with the property that 

sup sup \\e'*^'U„mz<el^\ 

te[0,T2) <7£{l,...,d} 

Such a T2 S (OjTi] exists, in view of (|2.4ip and Proposition 12.41 We apply now Proposition 12.51 on the 
intervals [0, T2{1 — n ~ 2,3, . . ., with 61 ~ £q^^- It follows that 

sup sup \\e'^^''Ua{t)\\z < So. 

te[0,T2) cr£{l,...,d} 

Using again Proposition 12.41 it follows that T2 = Ti and 

sup sup ||e'*^"C/.(t)||z <eo. (2.42) 
te[o,Ti] cre{i,...,d} 

Using the formulas in (|2.40|) . and the bounds (|2.42|) and (|5.18p it follows that 

sup [il + t)'+^{ sup pXt)|U»+ sup \\DPu{t)\\L^)] <eo. (2.43) 

te[0,Til |p|<4 \p\<3 

Therefore, using the energy estimate (|2.4p . it follows that 

sup £^^+At)<^o- 
te[o,Ti] 

As a consequence, if the solution u satisfies the bound (|2.38p on some interval [0, Ti], then it has to satisfy 
the stronger bound 

sup \\u{t)\\ ^No+i + sup \\u{t)\\^N„ < Eq. 
te[o,Ti] te[o,Ti] 

Therefore the solution can be extended globally, and the desired bound (|l.lip follows using also (|2.43p . 
This completes the proof of Theorem 11.11 

2.4. Proof of Theorem 11.31 As before. Theorem [13] is a consequence of Proposition [2?2l Proposition 
12.41 and Proposition 12.51 Indeed, assume that we start with data {no,vo, Eq, Bq) as in (|1.14p . where e 
is taken sufficiently small. Using Proposition 12.21 there is Ti > 1 and a unique solution {n,v, E, B) G 
C([0,Ti] : i/^o+i) of the system f^Tim . with {n{0),v{0), E{0), B{0)) = {nQ,vo, Eq, Bq), 

nit) ^ ~div{E)it), B{t) = iV xv){t), te[0,Ti], (2.44) 

and 

sup \\{n{t),v{t),E{t),Bm\f^^„^, <el/\ (2.45) 
te[o,Ti] 

Given the restriction (|2.44p , the system (I2.10p can be written in an equivalent way, in terms only of the 
vectors v and E, 

3 3 

dtVj = -Ej + ^ TdjdkEk - ^ VkdjVk, 

k=l k=l 

3 3 

dtEj = - c^Ai^j + c^dkdjVk - ^ VjdkEk, (2.46) 
fc=i fe=i 
3 3 
JT- = - X! ^kEk, Bj = ^ Gjki dkVi. 

k=l k,l=l 

Let 

Ui := Ai|VrMiv(£;) +i|VrMiv(i;), 
U2 A2"^|Vr^curl(£;) + i|Vr^curl(i;), 



(2.47) 
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where 

Ai := Vl - TA, A2 := v^l -c'^A. 
Then Ui, U2 e C([0,ri] : iJ^") and 

div{E) = A-i|V|(3fiC/i), curl(^) = AalVKWa), div(w) - |V|(9i7i), curl(i-) = |V|(9?72), 

3 3 

m,n— 1 m,n— 1 

(2.48) 

Using these definitions we calculate 

{dt + iAi)Ui = iAl\W\-\div{E)) - Ai|Vri(div(i;)) 

+ Ai|vri[divH- ^ +z|Vri[(-l + rA)(div(i?))--A(|z;n] 

i,fe=i 

= Aii?,(«,div(i?)) + 1^ |V|(z;|), 

j=i i=i 

and 

3 3 

n 

m,n— 1 m,n— 1 

3 3 
+ A-^|V|-^[ ^ ej,nnd^[{l^C^A)v^-Vndiv{E)]'^-z\V\-^[ ^jmnd^En 
m.n—l rn,n—l 
3 

= - Y Ejmn A2^Rm[v,idiv{E)]. 
m,n— 1 

Using the formulas in ()2.48p . it is easy to see that the functions Ui, U2.j, j G {1, 2, 3} satisfy the system 
of equations 

(dt + ^Al)^7l = Ml, {dt + iA2)U2,j = AA2J, j e {1, 2, 3}, 
where the nonlinearities A/i, A/'2.j can be expressed in terms of the functions Ui, U2,j as in (j2.31l) . Therefore 
we can apply the results in Proposition 12 .41 and Proposition (|2.5p . 

We can now proceed as in the previous subsection. Using the definition (I2.47P and Lemma 15.11 it 
follows that t/i, C/2 e C'([0,ri] : H^°) and 

sup (||{/i(t)||^«o + \\U2mH-0) < el^\ \\Uim\z + \\U2m\z < eo. (2.49) 

t6[0,Ti] 

Let T2 denote the largest number in (0, Ti] with the property that 

sup [||e**^^[/i(t)||z + ||e"^^C/2(0||z] < e^- 
te[o,T2) 

Such a T2 G (0,Ti] exists, in view of (|2.49p and Proposition 12.41 We apply now Proposition 12.51 on the 
intervals [0, T2(l — l/n)], n — 2,3, . . with Si sa Eq^^- It follows that 

sup [||e"'^i[/i(i)||z + ||e'*^^C/2(i)||z] < £0- 
*e[o,T2) 

Using again Proposition 12.41 it follows that T2 — Ti and 

sup [||e"^^[/i(t)b + ||e**^^[/2(t)||z] <£o. (2.50) 
te[o,Ti] 
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Using the formulas in the second hne of (|2.48|) . and the bounds (|2.50|) and ()5.18p it follows that 

sup sup[{l + ty+^{\\DPvit)\\Lo. + \\DPE{t)\\L^)]<eo. (2.51) 

tG[0,Ti] |p|<4 

Recalling the definition (|2.8I) and the restriction (|2.44p . it follows that 

sup [{l + ty+^\\{n,v,E,B){t)\\z'] <eo. 

i6[0,Ti] 

Therefore, using the energy estimate (|2.1ip . it follows that 

sup £No+l{t) < £o- 
te[o,Ti] 

As a consequence, if the solution {n,v, E, B) satisfies the bound (j2.45|) on some interval [0,ri], then it 
has to satisfy the stronger bound 

sup \\{n(t),v{t),E{t),Bm\ 
te[o,Ti] 

Therefore the solution can be extended globally, and the desired bound p.l6|l follows using also (j2.51|) . 
This completes the proof of Theorem 11.31 

3. Proof of Proposition 12.41 

In this section we prove Proposition 12.41 For simplicity of notation, in this section we let C denote 
constants that may depend only on Tq, sup^^i^ \\e''*°^'Ua{to)\\z, s^Pae{i.....,d} s^Pte[o.To] \\Ua{t)\\H"o, 
and the basic constant A, d, d! . 

For any integer J > and / e i/^" we define 

ll/b, sup 2-'"(°'2j-2,)|,~W(^).p^^(^)||^ (3^^) 



compare with Definition 12.31 and notice that 

ll/llz. < ll/b, ll/llz. <j||/|li^«o. 

We will show that if t < t' G [0, Tq] n [to, to + 1] and J e Z+ then 

sup ||e'*'^"C/,(t')-e'*^"C/.(t)||z, <C|t'-t|(l+ sup sup \W'^'U,{s)\\z,,f . (3.2) 
(Te{i,...,d} se[t,t'\ae{i,...,d} 

Assuming (I3.2|l . it follows easily that 



sup sup ||e'*^-f/,(t)||z, < C, 

ae{i,...,d} te[o,T]n[to,to+T] 

\W''^'U,{t') - e''^'U^{t)\\z,, <C\t' -tl foranyt,t'e [0, T] n [to, to + r], a e {1, . . . , d}, 

uniformly in J, provided that r < C"^ is sufficiently small. The desired conclusions follow by letting 
J oo. 

It remains to prove (|3.2p . The equations ()2.32p and (|2.3ip give 

[dt+iKmU^+{^,t)= V / m„,^A^,7^)%[^-7i,t)U,[i^,t)di^, (3.3) 

for a — 1, . . . , d. Letting 

K.+ (t) :=e^*^'C/,+ (t), K-(t) :=e-^*^'C/,_(t) = K7(t), a = 

and 

A<T+ := +A<T, Ao-_ ;= -Ac, o- = l,...,ci. 
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the equations p.3p are equivalent to 

Therefore, for any t < t' E [0, Tq] and a = 1, . . . ,d, 

' , (3.4) 

= f QV''^''{V,{s),V,{s))ds, 

where 



The desired bound p.2l) is equivalent to proving that 

sup ||l^,+ (0-K+(t)b,, <C|i'-t|(l+ sup sup \\V^+{s)\\z,,f. 
(je{i,...,d} se[tA'](je{i,...,d} 

Using the formulas p.4p - (l3.5p and Definition I2.3[ it suffices to prove the uniform bound 

2^'<''-^'-^'^^\\^f ■PkQV''^{VMMmBl .<C{l+ sup ||K.+ (s)|lzJ^ (3.6) 

' cje{i,...,d] 

for any fixed (fc,j) £ J , s <E [0,To], cr G {!,... ,ci}, and ^i.v <E Id- 

Using just the definition p.Sp we estimate easily the L°° part of the ^ norm: if fc < then 

\\F[P^QV''^''{V,{sl K(s))] IL.. < 11(1 + hl)M^(^)IUHI(i + l^l)K(7)(7?)|U. < C. 
Similarly, if fc > then 



2^oij-[Ffeg:^^'^(F^(s),K(s))] 



< 2l5^[||^[P<fcF,,(s)]|U2||J-[P[fc_4,fc+4]K(s)]||L2 + ||^[P[fe_4^^^^^ 

+ E (l + 2'=^)||P^s)||i. .(l + 2'=^)||P^s)|U." 

|/ci-fc2|<4, fei>fe-6 

< <5. 

Therefore, letting _B := 1 + sup^g|-]^ |lVij-|-(s)||zj, for p.6p it remains to prove the uniform bound 

2min(o,2j-2j)(2"'c ^2i°^-)2(i+'3)J||^('=^PfcQ^'^'''(-t^^(s),K(s))|U2 < C , (3.7) 

for any fixed (fc, j) E J^, s G [0, Tq], cr G {1, . . . , d}, and ^Jl,v £ Id- 

The desired bound p.7p follows easily from the bounds proved earlier unless 

j>C + max(20fc, -5fc/4). (3.8) 

Decomposing 

for p.7p it suffices to prove that 

2mi„(o,2j-2,)(2"fc + 2io'=)2(i+«J' Il^f • ^fcQr^'"(^fciV;(s),^fc.K(s))|U2 < CB\ (3.9) 

for any fixed (fc, j) G J' satisfying p.Sp . s e [0, Tq], a G {1, . . . , d}, and fJ.,v & Id- 
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Using first the simple bound 

< (1^2--('=-'==))min [||Pfe7v^s)|U.||P^s)|Ui,||P^s)|Ui||P^s)|U.] 

< _^ 2'"^x(fci,fc,))23min(fci,fc,)/2||p^-j;r(^)||^^||p^^)|j^ 

we estimate 

(fci,fe2)GArfc, min(fci,fc2)<-4j/5 

and 

(fci,fc2)eA'fc, max(fei,fe2)>j/20 

Therefore, for (13.91) it suffices to prove the uniform bound 

2min(0,2.7-2j) ^2"*^ -|- 2^^^)2^^^^^^ 

(kuk2)eXk. -ij /5<ki<k2<j /2ld (3.10) 

■ PkQV'''''{Pk^V^{s),PMs))\\L2 < CB\ 

for any fixed (fc, j) g J satisfying p. 81) . s G [0, Tq], cr G {1, . . . , d}, and £ Id- 
To prove (I3.10p we further decompose 

Pk^V^(s)= P[k^-2M+2][^f,'^ ■PkAV^.{s))]= E ^[fcl-2,fe,+2](3fc,jj, 

ji >max( — /ci ,0) ji >max( — A,'i ,0) 

ffc2K(s)= E ^'[fc2-2,fc2+2][<?j2'^ ■ ■Pfe2(K(s))] = 51 ^[fc2-2,fe2+2](5fc2j2)- 

j2>max( — ^2 ,0) J2>niax( — /e2,0) 

Then we rewrite, using the definitions. 



PkQV^'''{P[kl-2.k^+2\{9k^,n)^P[k2-2M+2\{9k2,j2)){x) = / A'(x, yi , y2)gfci ,ii (2/1)5^2 j2 (2/2) rfyidy2, 
where 

K{x,yi,y2) C [ Qili^-yi)<+(yi-y2)-v]gi4^^ii)-^^(A-v)-^,.{v)] 

X ma:f,M{£.,v)viki-2M+2]{£. - v)nk2-2M+2]{v)'Pk{£.) d^dTj. 

Recall that k, ki,k2 G [—4:j/5,j/20] and j > C. Therefore we can integrate by parts in ^ or r/ to conclude 
that 

ii\x^yi\ + \yi-y2\>2^^'" then \K{x,yi,y2)\ < C{\x - yi\ + \yi - y2\)-'" . 

Therefore, the contributions of the functions gkiji and 5^2 j2 corresponding to \ ji — j\ + |j2 ^ j\ > 10 are 
easily bounded, 

^2ak ^ 2lO'=)2(l+^)-'' 

{ki,k2)eXk,-4:j/5<kiM<3/2a 

J2 11^"^ • PkQV'''''iP[k,-2M+2]{gk^.n),P[k2-2M+2]{gk2.nmL-^ < c. 

\3i-j\ + \h-l\>W 
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Finally, for p.lOp it remains to prove the uniform bound 

{kiM)eXk.-ij/5<ki<k2<j/20 (3.11) 

ll^feQ^^'''''(^[fci-2,fe,+2](.9fc„,J,^[fe.-2,fe.+2](.9fe.,,J)llL^ <CS^ 

for any fixed G J satisfying p.Sp . ji,j2 G [j - 10, j + 10], s e [0,To], ct G {1, . . . , d}, and A*, G Id- 

Using the definition p.ip . 

for any fci, fca e [-4j/5, j/20] and ji, j2 e [j - 10, j + 10]. Therefore, using (H^Hl), 

l|-^(i^[fc,-2,fe,+2](gfci,,J)||Li < -("'^-^-2,) . ^^'^k, ^2'0k,yl23k,/22-{l+P)n_ 

Since 

ii5Q;iIl^<c(i + 2'=^)-^o^ 

we can estimate, for fci < fc2 G [— 4^/5, j720] and ji, j2 G [j — 10, j + 10], 

WPkQV'" {P[ki~2M+2] {9ki,jl)iP[k2-2,k2+2] (5fe2j2))llL2 

< (2^=^ + l)||-F(P[,,_2,fci+2](,gfeijJ)llL^II-^(^[fc2-2,fc2+2](,9fe2,J-J)llL^ 

< (752^ """(^'^•^^^■'^ • (2"'^i 2i*''^i)"i2^'^i/^2^(^+'^^-' • (1 + 2'^^)^'^"^^^ 
Therefore the left-hand side of p.lip is dominated by 

(2"*^- + 2^"'^') CB(2"'''i +2^'"'i)~^2^''i/2(l + 2''^)~(^«-^) <C'B, 

{ki,k2}GXk, ki<k2 

as desired. This completes the proof of the proposition. 

4. Proof of Proposition 12.51 

In this section we prove Proposition 12.51 in several stages. We derive first several new formulas 
describing the solutions Ua- 



4.1. Renormalizations. We will use the definition and the notation introduced in subsection 12.21 The 
equations (|2.35p and p.Bip give 



(4.1) 



for cr = 1, . . . , d. Letting 
and 

A<,+ := +A^, := -A^, a = l,...,d, 

the equations (j4.1l) are equivalent to 

Therefore, for any t ^ [0, To] and a = 1, . . . , d, 



Va+{U)-V.+ iC,0)= / / e^^[^"(«)-^-(«-'')-^-('')lm.;^,.(f,77)V^^(^-77,s)K(^,s)d?7d.s. (4.3) 



JR3 
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The desired bound (|2.37p is equivalent to proving that 

\\V,+ {t)-V,+ m\z<5l (4.4) 

for any t G [0,To] and any a e {!,..., d}. Given t e [OjTo], we fix a suitable decomposition of the 
function l[o,t], i-e. we fix functions go, • • • , : K — > [0, 1], |i — log2(2 + i)| < 2, with the properties 

L+l 

= l[o,t](s), suppgo C [0,2], supp<7L+i C [t-2,t], suppg™ C [2"-\ 2"+!], 
m=0 (4.5) 

g,„eC^(M) and / \q'„As)\ds<l for m = 1, . . . , L. 

Recall the assumption ma-^^^i, £ A4d' and the definition (|2.16p . Using also Lemma [5T1 and the formula 
(|4.3[) , for (|4.4p it suffices to prove the following proposition. 



Proposition 4.1. Assume t £ [0,Tq] is fixed and define the functions qm as in (|4.5p . For any a G 
{I, . . . ,d}, fi,i> £ Id we define the bilinear operators T^^''^ by 

Assume that 

ffi '■= Si^Qfj^Vf^, for some normalized Calderon-Zygmund operator (4-7) 
for any fx G Td, and decompose 

/m=E E Pw-2,k'+2]{^p-Pk'f,)= E /fe',.'- (4.8) 

fe'GZ j'>max(-fe',0) {k' ,j')ej 

Then 

J2 (1 + 2^=^ + 2'=^)||^f . PkT^'''''ifi:,,,,JLsJ\\B,^, ^ S-'''" (4-9) 
(fci ji),(fe2,i2)eJ 

/or any /i2;ed 

(TG /x,i/Gld, (fc,j)€^, mG {0,...,i + l}, (4.10) 

It follows from the definition that 

nr^if^g)^ f qm{s)fr''-'^{f{s),gis))ds, 



(4.11) 

/ e-[^'(«)-^-«-")-^-('')l • /'(? - ry)g'(r;) d,?. 
For CT G {1, . . . , d} and /i, I' G Id, we define the smooth functions ^^^^'^-^ ; x K and S^''^ : 

$'^^^^''(e, v) A.(0 - A^(e - 77) - A.(r,), S'^'^(C, ??) (V,$'^^^^'^)(e, r]). (4.12) 

Many of the bounds needed in the proof of of Proposition UTT] rely on having a good understanding of the 
functions ^""•'^•'^ and E'^'" . The relevant properties are proved in subsection 15.21 
In view of Lemma 15.11 and the main hypothesis (j2.36p , we have 

sup ||/p(t)||H«onz<l- (4.13) 
te[o,To] 

for functions defined as in (|4.6p . Letting 

^/.^/(^):=e-^^^^/.^/W> (4-14) 
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it follows from Lemma 15.21 that for any /i G Irf and s G [0, Tb], 

E (P/r^/(*)IU^ + ll/r^,'(^)llL^)<mi^(2-(^-^)'=',2(l+^-")'='), 

j'>max( — fc',0) 

E <min(2-6'=',2(V2-/3-)'c')(i + ,)-i-/3^ ^^^^^^ 

>inax( — A:' ,0) 

sup \DPff^,{^,s)\ <|p| (2°'=' +2io*'-')-i •2-(i/2-/3)£''2lpl/. 

Sometimes, we will also need the more precise bound 

\\Efi:,^^,{s)h^ + ||/^,,,,(.s)|U. < (2"'=' + 2io'=')-i22^^'2-(i-«^' for any (fc', j') e X (4.16) 

In addition to the bounds (|4.13p - (|4.16p . we will also need bounds on the derivatives {dsfj!, in 
order to be able to integrate by parts in s. More precisely: 

Lemma 4.2. (i) With fk',j'{s) as in (gT]) and ^Ml, for any s € [0,To], € Id, and {k',j') G J, 

\\{dsfi:,^,,){s)\\L- < min[(l + 2^'^' /^] ■ min[l, 2-(^»-5)fe']^ (4^^^) 

(ii) In addition, for any /i e Id, G i7 with k' G [—D/2,3D/2], and s G [0,To], 

\\idsfir;,){s)h^<{i+s)-'-^/''. (4.18) 



Proof of Lemma^T^ (i) We may assume that fi = ((t+) for some a G {1, . . . ,d}, and use formula ()4.2 
It follows that 



\mfi::p)mL^<S^' E h'^'iO e-[^"«''')+^'^('')lm.;,,.(C,7y)l7:(^-,7,s)K('7,s)d77 



The main assumption ()2.36p shows that 

\\Vp.is)\\znH«o < ^1, 
for any s G [0,t] and ^ G Id- Therefore, using (|5.17p - (|5.18p . 

l|i'fc"^,,(s)|U2 < ^imin(2(i+^-")^-",2-^«'="), 
\\e'''^^Pk"Vf,is)\\L^ <(5imin(2(i/2-^-")'=",2-6fc")(i + s)-i-/^, 



(4.19) 



(4.20) 



for any s G [0, To], ^ G Id, and k" G Z. 

Using (|4T9|) . (j4720| . and the definition of the space Aid' in (f2T6l) . 



ii(5./iry)(.)iu. 

< 5i E min(2(l+'3-")'=^ 2-(^°-2)'=^) • min(2(i/2-'3-")'=S 2-6'=i)(i + s)-!-'^ 

(fci,fc2)eA:'fc/, fei<fe2 

< (1 + s)-^-^ min(l, 2-(^"-5)'^-'). 
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Moreover, if k' < 0, then we can estimate, using again ()4.19p . (|4.20p . and the definition (|2.16|) . 

\\idsfirp)is)\\L^ 



< 23k'/2 



The desired bound (|4.17l) follows. 

To prove (ii) it suffices to prove that 

ll(a.p^+))(.)llL~ <Ji(i + s)-i-^A°. 

Using (|4.2p it suffices to prove that 

for any ^ e M^, /i, G Id, cr G {f , . . . , d}, and s e [OjTo]. Recafi that || Vp(s)||2n^No < (5i, see (|2.36p . 
Using the definition of the space A^^' in (12.16^ and Lemma [STTl it suffices to prove that if 

hiWznH^o + ||52||znH"o < 1, (4.2f) 

and we decompose 

9i= E ^fc-i.' 9k,,],-=P[k,-2M+-2\{'p[\'^-Pk,9r)^ « = 1,2, 



{ki,3i)&J 



then 



(4.22) 

for any ^ G K^, ^, e X^, cr G {1, . . . , d}, s € R, and fc' G Zr\[-D /2,2,D /2]. 
We use first only the bounds 

llfffci,,JU^ < min(2-^°'=S2(2^-")^2-(i-«^"0, ll5fc,,,JlL^ < min(2-^«'=^ 2(2/3-")^2-(i-«^"=), (4.23) 
see (|4.2ip and (|5.13p . and estimate easily 

(('ciji),(fc2j2))e.7i -^^^ 
where 

Ji := {((fci, Ji), (fc2, J2)) e J7 X :7 : (fci, fc2) e A-fc,, 2"-'^('=i''=^) > (1 + 5)2/^° or 2"-'^(-'"i'-''^) > (f + 
Also, the full bound follows easily if s < 2^' . We let 

J2 {((fci,ii),(fc2,i2)) e J^xj^ : (fci,fc2) e Xk', 2'"-'^('=^^'=^) < (l + s)2/^« and 2^-<^''^'') < {l + sy+^f^}, 
and notice that J2 has at most C ln(2 + s)"* elements. Therefore, for (j4.22p it suffices to prove that 



for any C e /x, e X^, ct e {1, . . . , d}, s > 2^ , fc' G Zn [-i:>/2, 3i:)/2], and any ((fci, ji), (fca, J2)) e ^2- 
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Without loss of generality, in proving ()4.24|) we may assume that ji < j2 ■ Assume first that 

2J2 > 2--D'(l + s)i-/3/6, (4,25) 

Then, using (|2.23p . (|2.26p and the assumption (I4.2ip . we have 

Using dnUl), llfffc^ jJIl- < 2-'=i/2. Using also we estimate the left-hand side of by 

< 2-(l+/!*/3)j2, 

The desired bound (|4.24l) follows if we assume (14.25^ . 
Finally it remains to prove (|4.24p assuming that 

Ji<j2, 2^^ <2-^'(l + s)i-^/^ (4.26) 
In this case we would like to integrate by parts in 77 to estimate the integral in (|4.24p . Let 



K = {l + s)P' 2^^ + (l + s)4 , S^K{l + s)-\ e = min(2-^% (1 + s)-i/2), 
RecaUing the definition (|4.12l) . using the bounds (|5.27l) and (I5.14p . 

[l^^<,{S-'E'^'''{^,v)W'^'''^^^-~^^^^-''^^^^^^^^ < (l + s)-'. (4.27) 



Moreover, using (|5.58p (since k' > —D/2, the last formula in (j5.30p shows that the integral below is 
nontrivial only if min(fci, fc2) > —D) 



(4.28) 



AO / ^<o('5-^S^'''(^,ry))e^^[^'«)-^-(«-")"^'^('')lgi^^^.^(e-77)5^,,,,(77)dr/ 

< / l[o,C2-»x(.,,..,,](r;-p^'^(0)|<7XI(?-^)ll3XI(^)l^^- 
Using (|2.23p . (|2.25l) . and (I4.2ip . and recalling that we may assume that min(fci, > ~D, we have 

l|l[0,C2*— (fci.fc2)5](?7-P^^''(0) ■Sfc.j.WllLi 

< (2"'^^ + 2"'"'^'^'^)^"'" min 2^^^^^"^-'^ , ^3/226max(fci,fc2) J32l2max(fci,fc2) 

Using (|5.14p , we have H^^^ iJU^" ^ 2^^°'^i. Therefore, we may estimate the right-hand side of (|4.28p by 

Cmin(2-(i+«^'^K3/2, 22 --'^(^■1.^-^)53) < (l + .s)-i-/3. 

The desired bound (|4.24l) follows, using also (I4.27P and the definition of the set J2. □ 

4.2. Proof of Proposition l4.ll We will prove the key bound (|4.9p in several steps. The main ingredients 
in the proof are the estimates (I4.13p - (|4.17p above. 

This proof constitutes the heart of the analysis. We proceed in three different times. Decomposing the 
solutions into atoms decomposes each interaction into a myriad of different "elementary interactions". 
The purpose of the first simplification is to get rid of most of the easier cases so as to only focus on the 
fewer that really affect the outcome. This reduces matters to proving Proposition 14.51 below, after which 
it suffices to bound each iteration independently in a uniform way, see (I4.39p . In a second time, we reduce 
matters further to the core of the difficulty in Proposition 14.111 This is done in Lemma 14.61 Lemma 14.71 
and Lemma l4.8l bv using in various ways the finite speed of propagation which morally forces the time to 
be the largest parameter in all the relevant interactions, and in Lemma 14.91 and Lemma 14.101 which use 
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the absence of (time) resonances at (0, 0) or at infinity provided by the first condition in (|1.8|) . The proof 
of Proposition 14. Ill is harder and we postpone an explanation of its ingredients to after its statement. 

In this subsection we start by considering some of the easier cases, and reduce matters to proving 
Proposition 14.51 below. In all the cases analyzed in this subsection we can in fact control the stronger 
norm B^. ^ , see Definition 12.31 instead of the required B^.j norm. 

Lemma 4.3. With D = D(d, A,d') sufficiently large as in suhsection \2/A the estimate 

^ (l + 2^-^+2'=^)||^f .P,T^^^'^(4^^_^.^,/,^^,^.J||^,^ <2-^'™ (4.29) 
(fei ji),(fe2 j2)ej' 

holds if 

j < /3m/2 + Nl^k+ + D^, where iV^ := 2Na/3 - 10. (4.30) 



Proof of Lemma \4-3\ We observe that, in view of Definition! 

li^f • Pkh\\B,., < {2-' + 2'°^) ■ 23^/22(V2-/^)S||^W . p^h\\^,_ (4.31) 
Therefore, it suffices to prove that 

(1 + 2'^'! +2'=^^)(2"'= + 2i*''=)23jV22(V2-/J)fc||p^2.^o-;,.,,.(^M ^^^ ji-^^^^^ < 2-'^"'". (4.32) 

Recalling the definition (|4.14p . it is easy to see that 



,3 

Therefore, using ()5.24p . 

\\p rpa■,^l.,v I fti fV \|| 

< 



^Pkr^^'^'^ULn^fLMO^ / / Vk{^)e^'''-^^hUs)Ef^^^^^{£,~^,s)Ef-^^^^{j^,s)di^ds 



f X (4.33) 

9™WI|i?/^,.,,(s)||LH|i^/fc„,.(s)||L^ds, / g™(s)||i?/^,.,,(s)||L~||i?/^,.,,(s)||L2ds . 

Therefore, using ()4.15p and recalling the properties of the functions qm (see (|4.5p ). 

^ (1 + 2^-^ + 2^-)\\PkT^^^''{fl^^^^^,fl_^,,)\\^. < 2-W,-4)'=+2-^'". (4.34) 

(fcl,fc2)eA'fc, (fci,ii),(fc2 J2)GJ' 

It follows that the left-hand side of (|4.32p is dominated by 

2-^m2(l/2-^i+a)fe23j/2 

when A; < 0, and by 

2-(No-15)k2-0m23j/2 

when fc > 0. The bound follows if j < l3m/2 + {2No/3 - 10)fc+ + D^, as desired. □ 

Lemma 4.4. Assume that 

j>l3m/2 + %k++D'^. (4.35) 

Then, with the same notation as before, 

^ (l + 2^-^+2'=^)||^f .PfcT;^^^'^(/,^^_^.^,/^^,^.j||^,^ <2-^''", (4.36) 

{ki,ji),{k2,j2)ej, max(fci,fc2)>j/Aro 

^ (1 + 2^=^+ 2^-^)114'=). Pfcr„r^''(/,^^^^.^, ^ < 2-^'™, (4.37) 

(*:i,jl),(fe2,i2)ej',min(fci,/c2)<-10j 
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^ (1 + + 2'^%^f ■ PkT::^'^-{f^,^,,JLn)\\Bl^ ^ 2-'^''". (4.38) 

(fcl j'l ) : (fc2 J2 )£J, max( ji j2 ) > lOj 

Proof of LemmaUm Notice that if (^1,^2) G Xk, max(fci, fca) > j/Nl^, and j > A^^fc+ + (see (gSS))) 
then |fci - fcal < 4. Therefore, using (|OT|) . (|i?T5)) . and left-hand side of is dominated by 

Ertinaxf/ci ,/c2.0) /oaA; , olOA; \ r)3j/2 /2— /3)/c 1 1 p rpa-^fj,,!^ / rfi \\\ 
I ■ [Z + Z )Z Z W^k-Lrn U fci . /fcs J2 -1 1 1 

(fci ji),(fc2 J2)6J', max(fci,fc2)>i/JV^ 

<; 2-/3m2~^0-''/(2^o/3-10) , ^2"'= _|_ 2lOfe^2'^^/^2'"^/^~^^'^ 

which clearly suffices, in view of (14.351) . Similarly, the left-hand side of (I4.37P is dominated by 

^ {1 + 2"^ + 2^^)(2"^- + 210^-) • 23^/22(i/2-«^||Pfcr^^^'^''(/^^^^.^, ^^.Jll^, 

{ki,ji),{k2,j2)ej, min(fci,fc2)<-10j 

< 2-/3ni2-3i . (2"'= -I- 2i"'=)23^'/22(^/^"'^)*^, 

which clearly suffices. Finally, using the more precise bound (|4.16p . the left-hand side of (|4.38p is domi- 
nated by 

J2 (1 + + 2"^)(2"' + 2^"^) • 23^"/22(i/2-«fe||p^,r^;P-(;M ^^.^^ ^^.jll^^ 

(fci Ji),(fc2 J2)e J', max(ji j2)>10j 

<; 2-/3m2-3j , ^2"'^' ^ 2i"'^)2'^-'/^2*-"'"/^^'^-'^ 
which clearly suffices. □ 



We examine the conclusions of Lemma 14.31 and Lemma 14.41 and notice that Proposition 14.11 follows 
from Proposition 14. 51 below. 



Proposition 4.5. With the same notation as in Proposition \^.l\ we have 

[1 + 2'^- +2'^'^)\\^f ■ PkT^^-'^if'^^^^^J'k^^^^^^^ (4.39) 

for any fixed /x, G Td, {k,j), (fci, Ji), (^2,72) G >J , cind me [0, L + 1] H Z, satisfying 

j>(3m/2 + N;,k+ + D^, -IQj <k^,k2<3/K, niax(ji,j2) < lOj- (4.40) 

4.3. Proof of Proposition l475l In this subsection we will show that proving Proposition 14.51 can be 
further reduced to proving Proposition 14.111 below. The arguments are more complicated than before, 
and we need to examine our bilinear operators more carefully; however, in all cases discussed in this 
subsection we can still control the stronger iJ^ ^ norms. 

We notice that we are looking to prove the bound (j4.39p for fixed k, j, ki,ji, fc2, j2, rn. We will consider 
several cases, depending on the relative sizes of these parameters. 

Lemma 4.6. The bound (j4.39p holds provided that (I4.40p holds and, in addition, 

j > max{m + max(fci, k2) + D, -fc(l -|- /3^) -|- D). (4-41) 
Proof of Lem,m,a \4-6\ Using definition (|2.20p . it suffices to prove that 

(1 + 2'^- + 2^-^)(2"^- + 2^"^) . 2(i+«^-||^f . PkT:;'^'''{fi:,,,,JL,.)\\L^ ^2) 
+ (1 -f 2^=1 + 2'=^)(2"'= + 210'=) • 2(1/2-^)^11 . PkT;^-^--{fl^^^^^JI^^^^J]\\^^ < 2-/5'(™+^"). 

Assume first that 

min(ji,j2)<(l-/32)j. (4.43) 
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By symmetry, we may assmiie that ji < {1 — P"^)] and write 



We examine the integral in ^ in the formula above. We recall the assumptions (|4.40l) . (|4.4ip . and (I4.43p . 
and the last bound in (|4.15p . Notice that, using only the assumption (I4.4ip and the definition (|2.29p . 

[x • e + s[A,{c) - A^(e -v)- Km] \>\x\- H ve[A,(e) - -v)]\> 2^-^°, 

as long as \^\ + |C - ??| < 2™'^''('=i''=2)+io. We apply Lemma Olfwith K ^ 2^ , e ^ 2-^^) to conclude that 

l^f (x) •Pfcr;^^''^''(/,^^,^.^,/^,,,g(x)| <2-i°-'|^f (x)|, 

and the desired bounds (|4.42l) follow easily. 
Assume now that 

min(ji,j2)>(l-/32)j. (4.44) 

By symmetry, we may assume that fci < ^2 . We prove first the bound on the second term in the left-hand 
side of ()4.42p : using ()4.16p we estimate 

(f + 2'^^ + 2'=^)(2"'= + 210'=) . 2(i/2-^)£|| . ftr„r^''(/i^„,v/fc...J]|L=° 

< (2^=. +i)(2"'= + 2i«'=)2(i/^-«^.2'" sup \\fi:,,M\L4fLn(')\\L^ 

< ^2^=2 + 1)(2"'= + 2-'-*''=)2'-"'"^^^'^-'*^2-'^'=^ • (2"'"'^ + 2-'-'^'=i)^-'-2^^'=^2^^"'"^''-'-'^ • (2"^=^ + 2^'^''^)^^2'^^^'^2~^^^^'^^^ 

< (2^^ + i)2-'2"(i/^+'^'^ • 2^°"^^ min(2^i+'^^''\2"^i~'^"^'^-'') • 

This suffices to prove the desired bound in (|4.42p , as it can be easily seen by considering the cases k\ < — j 
and fci > —J. 

Some more care is needed to prove the bound on the first term in the left-hand side of (|4.42p . We 
recall that 

-^fciji = -P[fei-2,fei+2](^j-f^ • -Pfei/p) and /^^j^ = P[fc,-2,fc2+2](^j2'^ • Pk2U)- 
Since Wf,''^ ■ Pk^U{s)\\B,^,,^+Wf,'^ ■ Pk,U{s)\\B,.^,,^ < 1, see ^M, we use ^M-^M to decompose 

~ ^ — (4.45) 

2^™MI<,,,(.s)IIl^ +2(V2-/^)'=MI.CGs)IU~ < 1, 

2-'^(^^^2'^^-fi)i^\\hl^^^^{s)U.^2^^l''- < 1, 

and 

^f:^ ■ PkJAs) - (2-^^ + 2i°'==)-M.9,^„,,(.) + K^^^^is)], 

= 5fc„,,(s) • ^[J!2.,.+2]' K,,n^s) = ft^„,,(s) • ^[J!2,,.+2]' 

~ ^ (4.46) 

2(™1lfffe„,,(^)llL^ +2(i/2-'')'=^||5,^^^^.^(.)|U» < 1, 

2-^^^^2^'-^^^^\\hl^^^^{s)\\L.+2^^'^-^^^^^^ < 1. 
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Using these decompositions and recalling the definition (|4.11|) . to prove the desired bound on the first 
term in the left-hand side of (|4.42|) . it suffices to prove that for any s e [2™-\ 2™+^] 
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Recall that we assumed fci < fc2; therefore we may also assume that fc < fc2 + 4. Using (I4.45p - (|4.46p 
and recalling (|4.44p . we estimate 

||Pfcr7''''''(i^[fci-2,fci+2].9fe,,j-,(s),^'[fc2-2,fc2+2]3fc2j2(s))|L2 ^ l|-7^(^'[fei-2,fci+2]5fciji)(s)||Li||5fc2j2(*)lli" 

< 23fei/22-(i+/9)ii2-(i+^^)j2 

< 23fcl/22-(2+2^i)(l-/3^)i 



and 



< 2-7il2(5/2+/3-7)fcl2-(l-^'W2 22/3^2 

< 2(3/2-2^*)fcr22/5feJ2"(^+^'^)(l"'^^W 

\Pkf!-^^'''{P[k,-2M+2]K,,n'^s),P[k.-2M+2]9L^^^ 

< 2-7ii2(5/2+A*-7)fer2"(^+'3)-''2 

< 23fcT/22-(2+2/3)(l-/9")j^ 

||PfcT-^^''^(P[fc,_2,fci+2]<,,,(s),P[fc,-2,fc2+2]/^fe„,,(^^)) 



lk2-2,k2+2\"-k2,j2\-^"\\L^ 

<rain{2'''^^^g^^{s)\U4}^^{s)\U.A^^ 

< 2-(i+/^)ii j^jj^(^2~'^^~^^-''^2^^*^2^''^/^,2"''^^2'^/^+'^~''^*^) 

< 2-(i+'3)ii2-(i+'3)i2 23fcJ/2 j^jj^ ^22'^(^'"+^)2^(''i"^^/^ 2(^+'^"'^^(-''=^+^)) 

< 2-(2+2^J)(l-^i^)i23fei/423fci/4^ 

Therefore, since 2"* < 2^"^ and (2"'= + 2i''fc)(2"'=2 +2io'''2)^i < 1, the left-hand side of (|iT7|) is dominated 

by 

(1 + 2'"^ + 2'"^)2'-^^'^^^ ■ (2"''^ -I- 2i"''i)^i2^^*^ • 2"(2+2^*)(i-,32)j^23fei/2 ^ 23'=i/423W4-j 

< 2-2^/3(2^2 +1)^ 

which suffices since 2''^ < 2^^^° . This completes the proof of the lemma. □ 
Lemma 4.7. The bound (j4.39p holds provided that (|4.40p /loZds and, in addition, 

m + max(fci, + D < j < + + d. (4.48) 
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Proof of Lemma \4. 7[ In view of the restrietions (|4.48|) and (|4.40|) . we may assume that k < 
Using the definition, it is easy to see that 

11^?^ ■ Pkh\\B,^, < (2"'' + 2i"^)2(™23'=/2||/yi||L~. 

Therefore, it suffices to prove that 

(I + 2'^'! + 2'=2)2"'=2(i+'^)^23'=/2||j-Pfcr^'^'''(/^^_^.^,/^^^^.J||^^ < 2-^*('"+J). (4.49) 

RecaU the definition 

^P>.T:^''''ifi:,,,Jk.,jM)-MO I I e^'''''''''(^^^k^is)f^,i^-V,s)j%jMs)dvds, (4.50) 

Jr Jr3 

where 

<i>-^'^-''(e,?7) = A.(0 - A^(e -11)- AAn)- (4.51) 
Using (|4.I6|) and recalhng that a < 2/3, it fohows that 



< hmhHR) min(I,2-5'=i)2-(i-^)^'i •min(I,2-5fc2)2-(i-«J2, 
Recalhng the definitions (|2.I7p and the assumptions, the desired bound (|4.49p follows if 

m = L + l or m< (l-/3)(ji+j2)-(l/2-/3)fc. 
It remains to prove the bound (|4.49p in the case 

me[I,L]nZ and m > -(1/2 - /3)fc + (I - ^)(ji + ^2)- (4.52) 

Since ji + fci > 0, 72 + ^2 > 0, and k < -D'^/2, the conditions (|448)) and (|4?52]) show that fci, ^2 > fc + 10. 
In particular, we may assume that |fci — ^2! < 10. Using also (|4.48p . for (|4.49p it suffices to prove that, 
assuming ()4.52p . 

{i+2''-)\\j'PkT:r^''ui:,,,,Jk,,n)\\L^ ^ 2-^^^/'+^-p-'^'i (4.53) 

To prove (|4.53p we would like to integrate by parts in 77 and s in the formula (|4.50p . Recall the 
definitions (|4.50p and (|4.5ip . and decompose 

GiO-.^MO [ I e^''''-^''-"^i-^^^{2^^''-'^'^''i^,v))qrnis)ft^^i(-V,^ 

H{0:='PkiO [ [ e-*^^'''"(«''')[I-^(2^$-;M,^(e,,7))]9™(s)/C(^-'''^)C7.('?'^)^^'^^- 

JRJR^ 

The function H can be estimated using integration by parts in s. Lemma 14.21 the assumptions (14.51) . and 
the bounds (|4.16p . Indeed, 

\Hm< ^ sup ^ [||S;(^)|L.||/I;(-)IL^ 

+ 2'1I(5./X7j(.)|L4/1[7j^)IL^ + 2"II/II(^)IL4(5^/1^^ 

<min(l,2-(^«-5)'^-^). 
Therefore, for (I4.53P it suffices to prove that 

(I + 2''^)||G||^„ < 2-'=(i/2+«-/3-2^i=^)^ (-4 
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Recalling the definitions ([2?29)) and (|4?T2|) . 

^"'"itv) = {"^.'^"-'"mtv) = -^1 ,,, 'V?~^!i2U/2 - ^277^—44^171' 

where 

/Z=(CTiti), A' = (f^2'-2), CTl,0-2 e tl,t2e{ + ,-}. 

In view of the first assumption in p.27p , we may assume that 

fci,fc2 > -I?/10, (4.56) 

since otherwise G = 0. For Z e Z let 



(4.57) 



Let G; := G<; — G<i_i. In proving (|4.54l) we may assume that ji < j2- If ^ > niax(j2, m/2) — (1 — /?2)m 
then we integrate by parts in ry, using Lemma [5.41 with K « 2"*+' and e « 2^-'^. Using also the last 
bound in (|4.15p and recalling that fci, ^2 > — -D/10, it follows that 

X! IIGilU- < 2"^''% where ?o = Linax(j2, m/2) -TO + /3^nJ. (4.58) 

i>io + l 

It remains to estimate ||G<ifJ|L°°- It follows from Lemma 15.51 that G<;p = 0, provided that 

2'o+fc2 < 2"-°/io 

This last inequality is an easy algebraic consequence of the assumptions (|4.40p . (|4.48p . and (|4.52p . which 
completes the proof of the lemma. □ 

Lemma 4.8. The hound (j4.39l) holds provided that (|4.40p holds and, in addition, 

j < m + niax{ki, + D and max(ji, ^2) > (1 — /3/10)(to + max(fci, ^2))- (4.59) 
Proof of Lemma \4-8\ Using definition (I2.20p . it suffices to prove that 
(1 + 2^- + 2^-^)(2"^- + 2i"^) . 2(i+«^||^f . PfeT-^^'^^l/^,,,,, /fc.,.JlL^ 

+ (1 + 2'=! + 2'=^)(2"'= + 2i°^-) • 2(i/2-'5)^|| ) . PkT^^'''''{f^,^,,,fk,,n)'\\\L^ ^ 2-'^'(™+^r 
By symmetry, we may assume fci < ^2. 

We prove first the bounds ()4.60p in the case 

fci < -5to/6. (4.61) 

Using (|4.15p . for any s e [0,i], 

Therefore, using (|4.15p again, it follows that 

||-^K^"'^(4"„,,./fc.,,J]|L^ <2'" sup \\fCni^)\\LA\fL,MU^ 

se[2'"-i,2'"+i] 

< 2"i2(5/2-"+'3)'''i min(2"(^»"^^''^2(^+'^"")''^) 

and 

ll-^[7^„r''^(/i^„,vA'...JllL== ;$2™ sup ii/H(-'^)iu^iiC(-'^)iii° 

se[2"i-i,2™ + i] 



(4.60) 



(4.62) 
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Therefore, recalling (|4.61|) , if < then the left-hand side of ()4.60p is dominated by 

(^2(2+/3)m2(5/2-Q+^*)fci <; 2(-l/12+5Q/6+^)/6)m 

which suffices. Similarly, if fc > then the left-hand side of ()4.60|) is dominated by 
which also suffices. 

To prove the bound (|4.60p when — 5m/6 < fci < ^2 we decompose, as in ()4.45p - (|4.46p . for any 
and 



(4.63) 



(4.64) 



2^™1l5fc.,,.(-'^)IU^ +2(^/'-^^'=1l5fc^,,,(s)||L~ < 1, 
2-20S2(i-/3b.||;,.^^^.^(^)||^, +2(V2-«feJ||/^(5)||^^ +2(-'-^^^^^^ < i_ 

We will prove now the bound 

(f + 2'=^)(2"*'- + 2i°^-) • 2(2+/3)™2^||Pfcf,'^-^'^(4^^^^.^(s),/fe-^^^-^(s))||^, < 2-2/5'™, (4 

for any s G |'2»"-i 2™+^], see (|4.f f p for the definition of the bilinear operators T/-^'"^. In view of the 
assumption (|4.59p ) this would clearly imply the desired bound in (|4.60l) . 
Assume first that min(j'i, J2) < m{l — 9/3), i.e. 

min(ji, ja) < m{l - 9/3), max(ji, ^2) > (1 - /3/10)(m + ^2), ^2 > > -5m/6. (4.66) 
Using (|5.I5p and (j5.16p . and recalling that a G [0, /3], we notice that 

||£^/fc,j,(s)||L~ < niin(2^'=^S2-6fci)2-3W22(i/2-H/3b-i^ 

ll-^/fe2j2(*)lli°'' < min(2^'^■^2-s'^■^)2-3W22(l/2+/^b2^ 
for any s G [2™-\2™+i]. Therefore, using also (jile)) . 

< min(2^'^^ 2"^*^^) min(2^'°^ 2"^*^^) . 2-^'"/22^"'"/2'^'^-'™™'--'^'^^-'2-^"'"-'^-''"'''^'--'^'-'^-' 

< (I + 2'^2)^^2-'''^2-^2^2'^-''" 

which suffices to prove (|4.65p . 

Assume now that min(ji, J2) > m{l — 9/3), i.e. 

min(ji, J2) > to(1 - 9^), max(ji, ^2) > (1 - /3/10)(m -1- ^2), ^2 > fci > -5m/6. (4.67) 
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(4.68) 



We recall that 

fk2.32 ^ P[k2-2,k2+'A^V'll^^ ■ Pk2fu) = (2"''^ + 2^"''^) ^[P[k2-2,k2+'A9k2,j2 + -^[^2 " 2 .fca +2] ^ifea j2 1 ' 

and use the decompositions (I4.63p - (I4.64I) . Then we estimate, using also (|4.67p . 

||Pfefr^^''(P[fe,_2./ci+2]/i;:,,,,(5),P[fc,-2,fe2+2]/iL,j2(^))|lL^ 

<niin(||K^(s)|Ui|IVZ(.)|U.J^(.)|Ui^^ 

<; max(ji,j2) 2^(1-/3) min(ji ,j2 ) 22/3fcl 2(5/2+0-7)^2 

<; 2-™(7+l-ll/3)2(5/2+/3-27)S22/3fcr 

\\PkfT^''-''(P[k,-2M+2]hl^jS')Ak.-2M+2]^^^^^^^^ 

< 2-7ii2-(i+/3)j222/3fer2(^/2+^~'^)*^ 

< 2-™(7 + l-110)2(5/2+/3-27)fe^22/3fei 

||Pfc?r'^'''(P[fc,-2,fe,+2l5^,,,,(s),P[fe2-2,fe2+2]/»L,,2(^))|L2 < 

< 2-(l+/3)ji 2-75222/3*^2(^/2+^"'')*^ 

< 2-™(7+l-ll/3)2(5/2+/3-27)fcJ22'^^ 

and, using also (|5.20p and (|5.22p . 

||Pfcrf'''^''(F[fci_2,fci+2].9fciji(s),^'[fc2-2,fe2+2]gfe2j,(s))||i2 

<min(||e— ^-P[,,_2,fc,+2](.9,^^_^.^(s))|U^||g,-^,,-Js)|U2,||g^^^^.^(^ 

<; 2-™(2+i9/3/io)2-3feJ/4^-|^ ^ 2'^'^^) 
Therefore, using also a S [0,/3/2] and fci > — 5m/6, the left-hand side of (|4.65p is dominated by 

This completes the proof of (|4.65p . 

To complete the proof of (|4.60p it remains to prove the bound 

(1 + 2'=^)(2"'= + 21"'=) • 2(i/2-'^)^|| J-Pfcr;^'^^''(/^^^^.^,/fc^,,,J||^„ < 2-2^'™. (4.69) 

If fca < -D/10 thcnmax(fc,fci) < -i:>/10 + 10 and 1 < |$'"'^'''(C, ?7)| whenever |^| « 2*=, l^-yy] « 2''\\ri\ « 
2*^^ Therefore, we integrate by parts in s and use (|4.16p and (j4.17p to estimate 

W^Pkn^^'^'UL.JLiAL^^ [ii/^„,,(s)IIl2||4^2.,,(s)iu2 

The desired estimate (|4.69l) follows easily in this case. 

Assume now that ^2 > — -D/10. For (|4.69p it suffices to prove that 

2^2(2"*: 4. 210'=) . 2(i/2"'^)%"'||j'FfcT;''''''''(/^'^ ji'/fc2 j2)|L~ - 2"^'^'''", (4.70) 
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for any s £ [2"-\2™+i]. If, in addition, fci < -2m/5 then, as in (jM2]), 

and the desired bound (I4.70p foUows since a G [0, [3/2]. 
It remains to prove the bound (j4.70p in the case 

k2 > fci > -2m/5. (4.71) 

We decompose fk^j^Jk^,^ (HH), dUMl), dMH]). If ji < j2 we estimate 

and 

< 2-(V2-/3)fcT2-7i2_ 
Since -fci < 2m/5 and 2^'^ > 2™(i-'5/io) follows that 

if ji<j2 then ||J^Pfcr;'^'''(/^^^^-^,/fc,.jJ||^^ < 2~(i+^)(^-'^/^°)™ • (2"'=i +2^"''^^ (4.72) 
Similarly, if ji > j2 we estimate 

\\TPkff'>^'''iP[k,^2M+2]9i:,,,MAk2-2M+2]i9L^^^^^ 

< 

< 2-(i+/5Wi^ 

and 



||j^PfcT,'"''''''(P[fe^_2,fci+2].9fciji(s),P[fc2-2,fc2+2](.9fe2j2('5) +^fe2j2(«)))|^ 

< 2-7Ji^ 

Since 2^1 > 2™(i-'3/i") it follows that 

if Ji>j2 then ||^Pfcrf^^^''(/^^^^.^,4-^^^J||^^ <2-(i+^)(i-^/io)™.(2"'=i +2io'=0"'2-i^^^ (4.73) 
Using (|4J2l) and (j4?73| . the left-hand side of (|4J0l) is dominated by 

which sufhces. This completes the proof of the lemma. □ 
Lemma 4.9. The hound (j4.39p holds provided that (I4.40p holds and, in addition, 
j < m+ma.x{ki,k2)+D, max(ji, J2) < (l~;5/10)(m + max(fc'i, fc2)), min(fc, fci, fc2) < -P'/IO. (4.74) 
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Proof of Lemma l4T3[ Using definition ()2.20|) . it suffices to prove tliat 

(1 + 2^=^ + 2'=^)(2"^ + 21"'=) . 2(i+«^ ||^f . /'feT^^'^'"^(/^,,v /fe.,.JllL^ (4 
+ (1 + 2'^' + 2^-^)(2"^- + 2^"'=) • 2(i/2-/3)fe||^[^(fe) . Pfcr;;''^''(/,^^^^.^,/^^^^.J]||^^ < 2-2/5'". 

By symmetry, we may assume fci < ^2. 

As in tlie proof of Lemma 14.71 we decompose 



We sliow first tliat 

(1 + 2'=2)(2"'= + 21'"=) • 2(i+'^)('"+^)|liJ|li2 + (1 + 2'=^)(2"'= + 2^°'=) • 2^'^/^-^^''\\H\\l^ < 2-2/3*'". ^-^ 
For tliis we integrate by parts in s and use tire bound (|5.26l) . It follows that 

||i/|U2 < (i + 23''-)(i + 23^^) sup [2™||£;/^^^.^(s)|U.||(a,4-^,^.j(.)IU2 

+ 2"||(5./^^^,.J(.)|U.p/fc2,,2Wlk- (4.77) 



+ niin(||/^.,,(5)|U.||i?/fe^,,,,(.)|k»,||i?/^,^,,(.)|k»||/,^,,,,(.)|| 



and 



\\HU^< sup 2™||/^^^.^(s)|U2||(a,/^,.,j(s)|U2 

+ 2™||(a,/^^,^.j(s)|U2||/^^^^.^(.)|U2 + |ii/i(.)|u. 



(4.78) 



where 



(4.80) 



Using (|IJ5|) and Lemma|Tl for any s e [2™-i,2'"+i] 

'^'^\\Ef\:,,S')\\L^\\{dsfl,^,M\L-+'^'''\\id^^^^^^ 

< (1 + 2'=^)-®(l + 2'=2)-^2-''i^2/3)m 

Moreover, using again (|4.15p and (I4.16p . if s G j2'"-i,2™+i] and max(7i,j/2) > 4/3m then 

min(||/^^,,.,(5)||LH|i?/fc2,.2(^)IU-JI^/fc.,,.(^)IU-|l/fe2,.2(^)IU0 

On the other hand, using also ((5?T5|) - ((5?TB)) . if s e [2™-\2™+i] and max(ji,j2) < 4^"i then 

min(||/^^^,.,(.)||LH|i?/fc2,.2(^)IU-JI^/fc.,,.(^)IU-ll/^2,.2(^)IU^^ 
Therefore, using also (|4.77l) and (I4.80p it follows that 

(1 + 2'=^)(2"'' + 2^°'=) • 2(i+^)("'+'=^)||iJ||i2 < 2-2/5'™, g-^^ 

as desired. 

To prove the L°° bound in (|4.76p we use (14. 15^ and Lemma to estimate 

2n\fi:,,jM\L4idsfi:,,jJi^)\\L^+2n\id^^^^^ < (l + 2^^)-«2-^'". (4.82) 
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Then we estimate, using (|4.16p . 

The desired L°° estimate in (j4?76l) . 

(1 + 2^''){2'^^ + 2^°'=) • 2(i/2-'')^||iJ||L=o < 2^2'^''" (4.83) 

follows from (|4.78p unless 

max(ji, j2, -fc, -fci, -fca) < 2/3m. (4.84) 

On the other hand, assuming (I4.84p . we need to improve slightly on the bound on ffi(s). We 
decompose Hi{^, s) = H2{^, s) + -ff3(^, s) where 

i?2(e,s):=^fe(0 / ¥'(-oo,-(i/2-^^M(S^'''(e,r/))e^^*"''"(«^'') 



and 



Using Lemma [EK with K « 2™(i/2+/5'), e « 2-'"/2), the restriction (gj!]), and the bound (|4l^ . it 
follows that \H3{£^, s)\ < 2^™. At the same time, using the explicit formula (|4.55l) . and the simple equality 

li*- Bp = PI - + 111 . |B|(1 - COS0), e = Z{A,B) 

it is easy to see that if |^| « 2*^, \^ - r]\ « 2''\ {tjI « 2''^ where max(|fc|, |fci |, |fc2|) < 2/3m, and if 
\^'"'''{^,V)\ ^ 2-™/3 then 

min(|ry-CH/|^||,|ry + CH/|Cl|) <2-™/^ 

Therefore, using the last bound in (j4l^ . |i?2(C,s)l < 2-™/5_ ^s a result, assuming (|4.84p . it follows 
that \Hi{^,s)\ < 2-'"/5. The desired bound pjjgl follows using also and ^Ml- This completes 

the proof of the main estimate (|4.76p . 
We show now that 

(1 + 2'==)(2"'= + 2^"'=) • 2(^+'^)("+^)||G||l2 + (1 + 2''^^)(2"'' + 2^°'') ■ 2^^^/^-^^'>''\\G\\l-- < 2^^'^''™. (4.85) 
Notice that G — unless 

k2 > -D/20. (4.86) 
As in the proof of Lemma I4.7[ for any / € Z we define 

G<i{0--^MO[ [ ^(-oo,;](S^'''(e,ry))-e-*"'^"'(«''') 



^(2^^.;p,.(^^ ?7))<Z™(s)/^,,, (e - V, s)f^^ (r;, s) dr^ds. 

Let Gi :— G<i — G<i^i. Recalling the assumption max(ji,j'2) < (1 — /3/10)m, we notice that if / > 
-Pm/ll then we may apply Lemma EH (with K « 2(1-^/")™, e « 2-(i-'^/i")™) and use the bounds 
()4.15p to conclude that 

\\Gi\\l^<2-^^ if l>l^:^l~l3m/ll\. 
On the other hand, recalling that min(fc, fci, ^2) < — D/IO and the inequality (|4.86p . we notice that 

G<io =0 if fci < -L>/10. 
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Finally, if fc < —13/10 and k2 < J/Nq and using Lemma ISTSl (i) . G<if, — 0. The desired estimate (|47 



(4.88) 



follows easily. □ 

Lemma 4.10. The bound (j4.39p holds provided that (|4.40p holds and, in addition, 

j < m + ma.x{ki, + D, max(ji, J2) < (1 — /3/10)(m + max(fci, A:2)), max(fc, fci, ^2) > £>. (4.87) 

Proof of Lemma \4.10\ This is similar to the proof of Lemma 14.91 using Lemma [53] (ii) instead of Lemma 
5.51 fi). Using definition (j2.20p . it suffices to prove that 

_|_ 2max(fci ,fc2) ^2"'^' -|- 2"'"'^'^) • 2^"'"^'^^'^^'^ II • i^feT''^''^''^(/'f )]|| < 2"^^*™ 

The inequalities in (|4.87p show that 

max(fci, > D — j < rn + D, niax(ji, j2) < (1 — /3/10)to. 

By symmetry we may assume that fci < ^2- 
As in the proof of Lemma 14.91 we decompose 



As in the proof of Lemma 14.91 we integrate by parts in s to estimate the contributions of the function 
H, and integrate by parts in rj to estimate the contributions of the function G. More precisely, we argue 
as in the proof of Lemma [4.91 using Lemma [53] (ii) instead of Lemma [5.51 (i). to conclude that 

2fc2(2"fc _,_ 210'=) . 2'^^+^^"'\\H\\l2 + 2^^{2°'^ + 2^°*^') • 2'^^'^-'^'^^\\H\\l^ + 22™|lG'||i,=e < 2^2/3''™. 
Clearly, this suffices to prove the desired estimate (j4.88p . □ 

We examine now the conclusions of Lemma 14. 6[ Lemma [4771 Lemma [4!8l Lemma [4!9l and Lemma [4.101 
and notice that to complete the proof of Proposition [475] it suffices to prove Proposition 14. Ill below. 



Proposition 4.11. With the same notation as in Proposition^^ we have 

(1 + 2'=^ + 2^=^)11^^ . Pkr^^'^'if f^k,,,)\\s^ ^ < 2-^^''", (4.89) 

for any fixed fJ.,!^ £ Td, {k,j), (fci, Ji), (^2,72) G , and me [0, L + 1] H Z, satisfying 

(3m/2 + D^ <j <m + D, max(ji, ^2) < (1 ~ /3/10)m, -D /lO < k, ki, k2 < D. (4.90) 

The most delicate part of the analysis is done to prove Proposition l4. lll and corresponds to the resonant 
interaction at time T and at location X ~ T of inputs located at position Y <T. This forms the bulk 
of the nonlinear stationary phase argument. We separate two cases. 

(i) when the inputs are located close to the origin 1 < y < T 2 . In this case, essentially no parameter 
in the norm can give additional control and we must understand the result of the interaction. This is 
what sets the "weak norm" . On the positive side, in this case, the inputs have essentially smooth Fourier 
transforms and allow for efficient stationary phase analysis, which gives a good description of the output. 

(ii) when at least one input is located further away from the origin T2 <Y <T. In this case, the 
stationary phase analysis gets less and less efficient as Y increases and we have access to less information 
on the output. However, this is compensated for by the fact that the parameters in the norm (and in 
particular the appropriate choice of /3) start to give stronger control as Y increases. In our situation, this 
is enough and we can always control the outcome of this interaction in the strong norm. 
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4.4. Proof of Proposition 14.111 In this subsection we prove Proposition 14.111 The arguments are 
more comphcated than before; to control some of the more difficuh spacetime resonances we need to use 
the more refined B^.j norms. We also need additional orthogonality arguments. 

Lemma 4.12. The bound (|4.89p holds provided that (|4.90p holds and, in addition, 

max(ji, j2) < m(l/2 - p^). (4.91) 

Proof of Lemma \4-i5\ Let 

:= 2-"/22/3'™^ (4.92) 

and decompose first 

HiO:=MO I I e^'^''^''^^^^^'^^[l-ip<oi^^'''iOv)/^i)]qrnis)fj[^^i(-V,^ 

Using Lemma 15.41 (with K 2'"ki and e ss ki) and the last bound in (14.15^ it is easy to see that 
^ 2^1"™. Therefore it remains to prove that 

ll^f .-^-1(0113,,, <2-2^'™. (4.93) 

Using the L°° bounds in (|4.15p and Lemma 15.61 we see easily that 

||G||loo < kI ■ 2™ < 2-"/223'3'™. (4.94) 

This suffices to prove the desired bound (|4.93p if, for example, j < m(l/2 — 4/3). To cover the entire 
range j < m + D we need more refined bounds on [0(^)1, which we prove using integration by parts in s. 

In the argument below we may assume that G ^ 0; in particular this guarantees that the main 
assumptions ([53T|) and ([53^1) are satisfied. With ^''^^'^■'^(|C|) = $'"'^■''(^,^''^''(0), defined as in (lETO)) . 
assume that 

2m|^a;M,i^(|^|)| g [2',2'+i], le [/3TO,oo)nZ. (4.95) 
Then, using Lemma we see that 

|<i>-^A<^-(^,^)_vI;-;A^,-(|^|)| < sup |S'^''^(C,C)I <23°^^i|r;-p'^''^(0| 

|<;_pM,.^(4)|<2i0CKi 

since Ef"^" {£,,p''-'' {^)) = 0. Therefore 

2"'|$'"''^''^(C,?7)| e [2'-3^2'+'*] if S^'''(^,ry) < IOOki. 
After integration by parts in s it follows that 

Jr Jr3 

+ |^<o(S''''^(^,W«i)| k™(s)| |(9,/^J(^-7y,s)| |/^^(7y,s)| 
+ |^<o(S^''^(e,r7)/ACi)| k™(s)| |i^^(e - 77, s)\ mf£;j{v, s)\ d^ds. 
We use now (|4.5p . the last bound in (|4.15l) . (I4.18p . and Lemma [5^ It follows that 

\Gm < 2™-Vfc(OI • < \M0\ ■ 2-'2-"/223^''" (4.96) 

provided that holds. 
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We can now prove the desired bound ()4.93p . To apply (|4.95p - (|4.96|) we need a good description of the 
level sets of the functions ■^'^'•t^ '^. Let 

Di := {^e : 2'"|^''^^^^''(|^|)| G {2^-\2^+^]}, I e [Iq + l,m + D] n Z, 

m+D 
l=lo 

For (|4.93p it remains to prove that for any Z e [Zq , m + 13] n Z 

W^f ■J'-\Gi)\\b,,<2-^P'^. (4.97) 

Using Lemma [E8l it follows that there is r'^^^^'' = r'^'''^-''{fi,i/,a,k,ki,k2,l) <E [2^^,oo) with the 
property that 

C e R3 . 1 _ < 2'-'"}. (4.98) 

Therefore, using also (|4.96p . 

Il^f • ^-'{GMbI^ < 2(i+«^|lG,|U. + \\GiU^ 

< 2-i2-'"/223^''™ . (^2(i+'^)-''2'^'"™)/2 + 1) 
<^ 2J^^^^2^^/'^2^^^"^'^^^^^^ -|- 2^^2^^^^^'^2"^^^^ 

This clearly suffices to prove (j4.97p if / > 6/3m or j < m — 3/3rn. 
It remains to prove (j4.97l) in the remaining case 

I e [Pm, 6(3m] D Z and j e [m - 3f3m, m + D]r\Z. (4.99) 

For this we need to use the norms j defined in (|2.2ip . Assume first that I > Iq + I- As before we 
estimate easily 

2'^^-^^^\\Gi\\l2 + ||Gi|U- ^ 2"'2"™/22^'^''" • (^2^i-fi)"^2^^~rn)/2 ^ -^^ 

Therefore, for ()4.97p it suffices to prove that 

2^^ sup R-'M^?-^-\G,)]\\ <2-'^'-. (4.100) 

Since I J"((^f ^)(0| < 23^(1 + 2^\^\)-^, it follows from (|4J6l) that 



-7-1(00] (0 1 < / \Gii(-v)\-'2''il + 2^\v\r'dv 



< 2-i2-W223/3 m / ijj^{^-T^).2^^{l + 2^\r]\)-^dri. 

Therefore, using now (I4J8)) . for any R e [2-^,2''] and Co e K^ 

. j-i(G;)] 11^^^^^^^ < 2-'2-™/2230^m . 2^-™ < 2-3W2230^-. 

Similarly, using (|494l) and (|498)) . 

2(i-/3)i||(7^j|^2 + ||G;J|loo < 2(i-^)(-''-™)2"'^™+'''/2+^^'™ + 2""/'' < 2"^''*'" 
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and 

° 

from where we conclude that, for any R e [2-^2*^] and € R^, 

The desired bound (|4.100p follows, which completes the proof of the lemma. □ 
Lemma 4.13. The bound (|4.89p holds provided that (I4.90p /loZds and, in addition, 

max(ji, ja) > to(1/2 - /S^). (4.101) 
Proof of Lemma \4.13\ Using definition ()2.20p , it suffices to prove that 

2(™||^f . PkT:^'''''{fi:,^,,JLrAL^ + l|-^[^f • PkT::^'''''ifk,,n^fL,M\L- ^ 2-2^'™. (4.102) 

Let 

j" :=max(ji,j2) + L3/5'H e [to(1/2 + m(l ~ /3/20)], (4.103) 

and decompose 
where 

i?2(0:-¥'fc(0 / / e-*'^^'''«-'')[l-^(23«^$-^^''^(^,^))]g,„(.)/^^(e-r?,.s)/f[;(^^ 
G(e) :=V'fe(e) / / e'^*"""'(«'''V(2''^^<I'"^^''^(^,»7))^<o(2"-^"S''^''(e,7y)) 

JR JR3 

X 9m(s)/fei ji - ^7, J2('?' 

and 

i?i(e) / / e-*"""(«^'')^(23"^<l)-^'^'^(C,?7))[l-^<o(2™-^''s^'''(e,ry))] 



X <lmis)fl^^ j^{C - 7j, s)fl^^ -^{r], s) dr]ds. 

Using Lemma [5.41 (with K w 2-' and e w 2~™^^''^^^'^^'>) and the last bound in (|4.15l) it is easy to see 
that ||7Ji||icxj < 2"^°™. Moreover, the same argument as in the first part of the proof of Lemma [4.91 
(which does not use the assumption min(fc, fci, fc2) < —15/10) shows that 

2(^+0)"^\\H2\\l2 + \\H2\\l^ < 2-2/5'™. 
Therefore it remains to prove that 

2(i+^)m||g||^^ + ||G||l- < 2-2/3'™. {A.104) 

In proving (j4.104p we may assume that G 7^ 0; in particular this guarantees that the main assumption 
(j5.5ip is satisfied. We prove first the L°° bound in (|4.104p . Assume that ji < j2 (the case ji > j2 is 
similar). Then, see (|4lil) and ((2:231) - ((2:25)) . 

II/C!(s)IIl~<i, 

sup ||.C7.(^)lliMB(«o,fl)) ^ 2-(i+«^-^i?3/2, for any R < 1. 
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Using Lemma 15.61 and (|4.103p it follows that 
as desired. 

To prove the bound in (|4.104p it suffices to show that 

2(2+2«m||g||2^ < 2-4/3^™, (4105) 

To prove this we need first an orthogonality argument. Let x : M — > [0,1] denote a smooth function 
supported in the interval [—2,2] with the property that 

xi^ — n) — 1 for any x € R. 

nGZ 

We define the smooth function x' : R'^ — [0, 1], ^^{x^y^z) := x{^)x{y)x{z) ■ Recall the functions vjf'^'^''^ 
defined in (|5.60p . We define, for any v ^1? and n e Z, 

:=x'(2"-^"C-i^)-'^fc(?) / / e-*""''(«-'')(p(23"^<i>-^'^-''(e,?7))v'<o(2"-^"s^^''(e,ry)) 

JbJb3 (4.106) 

X x(2~^"s - n)q,n{s)fk^^jS^ - V, s)jt^^ iv, s) drjds. 

and notice that G = J2v€Z^ Snsz Gv,n- 
We show now that 

l|G|li.<EEl|G-."lli^+2"''""- (4-107) 

Indeed, we clearly have 

Therefore, for (|4.107p it suffices to prove that 

l(G.,„i,G„,„,)l < 2-20™ if^;eZ3 and Im-Tis] >2i™^. (4.108) 

To prove this, we notice that, since ] V^*'^''"-''] < 2-'"-™ and ja^'^'^''^'"] < 1 for \p\ = 2, after repeated 
integration by parts in ^, for any n G Z, 

l^-'(G„,„)(a;)l <\x + u;„l-200 if \x + Wn\ > 250^2^"", 
Wn := 7i2^"(*'^'^''')'(2^"-">l) • v/\v\. 

Moreover, G„,„ is nontrivial only if l^''^^^^''(2-'"-™lt;l)l < 2-25^'. We can therefore apply Lemma 15.81 to 
conclude that 1(*'";^''^)'(2J"^"»)1 > 2-^^^. Therefore if \ni - nz] > 21"°^ then \wn, - > 2'^°^2^" 
and the desired bound ()4.108p follows. This completes the proof of (|4.107p . 
In view of (|4.107p . for (|4.105p it remains to prove that 

2(2+2/3)m ||g^^^^||2^ <2-4/?^™_ (4109) 

2-'=|t)|, rie[2"«-j"-<',2'"-j"+<i] 

Assuming v, n fixed, the variables in the definition of the function Gi,_„ are naturally restricted as follows: 
- 2^'"-™!;] < 2^"-'", \ri-p'''''{2^"-"'v)\ < 2^"-™, \s - 2^" n\ < 2^", 
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where p'^'" is defined as in Lemma 15.61 More precisely, we define tlie functions and /a by the 
formulas 



(4.110) 



Since |p^''^(2J"-™wi) - p^^''(2J'"-™t;2)| > 2^°^2^"-"' and |[2J'"-"wi - p''^''(2J"-™wi)] - [2J"-™W2 ~ 
pfj-^'^(2i ^"^V2)]\ > 2^^^2^ whenever \vi — W2I 1 (these inequalities are consequences of the lower 
bounds in the first line of (I5.53P '). it follows by orthogonality that, for any s e M, 

2-''\v\e\2"^-j"--^,2'^-j"+^] 

4.111 

2-fc|„|g[2™-j"-4^2'"-3"+*] 

Using the definition (|4.106p and Lemma [5^ we notice that, for any {v, n) El? x Z, 
a,„(0=x'(2'"-^'"?-«)-¥'fc(e) / / e-*"""'(«''')v:>(230^<i>-^''^''(e,?7))^<o(2™-^"s^^''(e,^)) 

X X(2"-' s - n)qm{s)fl''^{£, - r], s)f^'"{rj, s) drjds. 
Letting, as in (Oil) . (-B/r'")(s) e"''^'^, (jt-.n^^)) {Efl^'')(s) e^'^^" (/a '"(s)), it follows that 

l|a,„||L^ <^x(2--''%-n)q™(s)||A.(ii;/r(s),i?/2'"(s))|U. ds, 
where, by definition, 

A.{9i.g2m ■.= x'{'2"'-'"^-v)'Pk{0 I ^(23°^$'^^''''^(e,ry))^<o(2'"-^""s'^''^(C,77)) 



(4.112) 



Therefore 



X J"(-P[fci-4,fci+4]5l)(C - V)^{P[k2-A,k2+i]92){'n) dV- 



(4.113) 



and for (j4.109p it suffices to prove that 



||A.(£;/r"(s),£;/2"'"(s))||i. < 2-4/^'™. (4.114) 



2-'=|ti|,ne[2"'-j"-4,2'"-j"+4 

We notice now that if p,g £ [2, 00], l/p+ l/q = 1/2, then 

\\Av{gi, 92)11 L'-' < \\gi\\Lp\\g2\\Li- 

Indeed, as in the proof of Lemma 15.31 we write 

J^^^{Ay{gi,g2)){x) ^ c / gi{y)g2{z)Ky{x;y, z) dydz, 



(4.115) 



where 



Ky{x;y,z) := 



g^i^-y)<g^{y-z)■v^'(^2"'-j"^ _ „)(p<o(2'"-j"s^''^(e, 77)) 

X ^fc(e)^(230^$-^^''^(^,,7))^[,.^_4,fe,+4](e - ^)¥'[fc.-4,fc.+4](r7) rfed^y- 
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We recall that k, ki,k2 E [—13/10, D] and integrate by parts in ^ and 77. Using also Lemma [5761 it follows 
that 

\K^ix; y, z)\ < 23W"-'»)(1 + 2^"-"^\x - y\)-^ ■ 2^^^"-"'^! + 2^"-™|y - z\)-\ 

and the desired estimate (|4.115p follows. 

We can now prove the main estimate (|4.114p . Assume first that 

max(ji, j2) - min(ji, j2) > W/Sm. (4.116) 
By symmetry, we may assume that ji < j2 and estimate, using (|5.15p - (|5.16p . 

sup||£;/i"'"(s)|Uoo < 2-3™/22(l/2+/3Wi_ 

sGR 

Therefore, using (14.1151) and (|4.11ip . the left-hand side of (|4.114p is dominated by 

C22™+2^™2^" Yl 2-3r„2(i+2/3b-i f \\Ef;'"{s)\\l,ds 

2-'=|i;|,ne[2™-j"-4,2™-3"+4] ^ 

< (^2^™+^''™2-'" • 2^3'"2'-^^^'^^-'^ • 2~^-'^+^^-'^ • 2™ 

< 2Ji 22/3m22'^-'i 2'^^^^ 2^" 

and the desired bound (14.114^ follows provided that (I4.116P holds. 
Assume now that 

max(ji, ja) < (3/5 - 2/3)m. (4.117) 
By symmetry, we may assume again that ji < j2 and estimate 

sup \\E fr is)\\L^ <snp\\fris)h. < 2^^"-^"^. 

seK sGR 

Therefore, using (|4.115p and (|4.11ip . the left-hand side of (|4.114p is dominated by 

C22™+2^™2^" J2 2-6™26j"y" ||i;/2"'"(s)||2,ds 

2-''|ti|, ne[2">-j"-'',2™-j"+''] * 

<^ ^22^+2/i^m2j" , 2^6^2^-^" • 2^'^-^^^'^^-^^ • 2"* 

<; 2-3m25j2 27(/'-j2)220"i2^^^2 

and the desired bound ()4.114p follows provided that (|4.117p holds. 
Finally, assume that 

max(ji, ^2) — min(ji, j2) < 10/3m and max(ji, ^2) > (3/5 — 2/3)m. (4.118) 

In this case we need the more refined decomposition in (j2.23p - (j2.25l) . More precisely, using the definitions 
we decompose 

/fei = ^[fei-2,/ci+2](5l(s) + hi{s)), /fc2,i2(s) = -P[fc2-2,fe2+2l(52(s) + /l2(s)), 

whereQ 

= 31 (s) • ^fi-2Ji+2]' .92(s) = .92(5) ■ 'P[jf-2,j2+2]^ i'i.ng) 

and 

2(i+«^-i||5i(s)|U2 -f 2(i-'5)-'"i||/ii(s)|U2 +2^^"^ sup R''\\h;{s)\\LHB(eo,B.)) < 1, 

i^,G[2-..,2^.],.„GR3 

2^'+''^^'1l.92(=s)|U2 +2(i'^W^||/i2(s)|U2 +2-^^"^ sup R-^h2{s)U.^Bieo,B.)) < 1- 

_Re[2-J2,2'»2],eoeR3 



^Thc decomposition in 1 12. 231 1- 112. 251 1 provides some more information about the functions g\,h\, g2,h2, but only 1 14.1191 1 
and l|4.120|l are being used in the proof. 
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gr{0,s) :=l[„_4,„+4](2-■'■%)^<o[2-^"^2™-■'■'>-p^■^(2^■''-"^;))].^(P[^ 
h^\e,s) := l[„_4,„+4](2-^^s)^<o[2-50^2™-^''(^?-p^-(2^''-™«))] • 

(4.121) 

As in (I4.11ip . using orthogonality and (I4.120p . for any s e M we have 

2-'=|ti|e[2'"-j"-'i,2"-3"+'i] 2-fc|ti|e[2'"-j"-4,2"'-j"+4] 

E ii32'"(.^)iii^ < 2-2^-2«% E ii/^2'"(-)iii^ < 2-^^-^+^«^ 



2-'»|«le[2'"-j"-<i,2'"-3"+<i] 



2-''|«le[2'"-j"-'',2™-j"+''] 



(4.122) 



Using (f5rT2l) and (|4.119p - (|4.120p . we derive the L°° bounds 

l|i?5r(s)IU- <2-'"/'||gi(s)|Ui <2-3W22(i/2-Wi^ 

I1-B52'"(s)I|l- <2-'"/2||g2(s)|Ul < 2-3'"/22(l/2-W2^ 

\\Ehi'"is)\\L^ < ii/;r(s)iui < 22^■"-2"2-^^^ 

for any v,n,s. Using (|4.115p and (|4.122p - (|4.123p . we estimate, assuming ji < j2, 



(4.123) 



22m+20m2j" 

2-'=|i;|,ne[2™-i"-4,2'"-j"+'4 
<; 22m+2/3m2i" 

2-''|i>|, ne[2'"-3"-<i,2™-3"+'i] 

<; 22™+2/3m2J" . 2'"2^^-'^^^^-'^ • [2^'^™2'-"'"^^'^''-'^ _|_ 2'^j"^'^™2^^^-'^] 
< 2^'^™2-'"2~'-^'*"*^-'-'^ + 2'^'^"'2^-'^2~^'*'"'^ 



Il52'"(.s)lli.(l|i?.9rwili=^ + lli?/^r"(s)lli==)ds 



Similarly, we estimate 

22m+2^m2i" 

2-'=|ti|, ne[2'"-j"-<',2"'-3"+<'] 
<; 22m+2/3m2j" 



llA„(£;/r(s),£;/ir(s))lli2 

/ (ii5r(5)iii^ + ii/^r(.'^)iiioiii?/*rwiiio^d« 



2-'=|D|,ne[2'"-j"-4,2'"-j"+4] 

22ni+2^ini2J" . 2™2^^-'^'*''^^-'^ • 2'^^"^'^"'2^^'^-'^ 

<; 25/3m2-2ji 2(4-27)^2 



The desired estimate (|4.114p follows from the last two bounds and the restriction (|4.118p . This completes 



the proof of the lemma. 



□ 
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5. Technical estimates 
In this section we collect several technical estimates that are used at various stages of the argument. 

5.1. Linear and bilinear estimates. We prove now some important linear and bilinear estimates, 
which are used repeatedly in the paper. We show first that our main spaces constructed in Definition l2.3l 
are compatible with normalized Calderon-Zygmund operators. 

Lemma 5.1. If Q is a normalized Calderon-Zygmund operator (see (|2.14[) - p.l5[) ) then 

IIQ/llz < for any fez. (5.1) 
Proof of Lemma \5.1\ We may assume that ||/||z < 1 and it suffices to prove that 

Wf^ ■PkQf\\B,^,<l, (5.2) 

for any (fc, j) G J fixed. 
We have 

^f\x)-PkQf{x)=^f{x)[ Pkf{y)-Kk{x~y)dy, (5.3) 

where 

Kk{z)=c [ e"<q{Ovik-i,k+imd^- 

Clearly, 

|Kfc(z)| <23'=(l + 2'=|z|)-^ (5.4) 

As before, let k — min(fc, 0), fc+ — max(fc,0). Since ||<^^v'' • PhfUs^^j, < 1 for any j' > —k, we can 
decompose, as in (f2:23l) - pT26l) . 

^ • Pkf = gij' + g2j', gi,r = gi,r ■ ^^^^2,^+2^ 92,r = 52j' • ^[j)_2j'+2]' 

2^'+^^^15ij'IIl^ + 2^'/'-^^HgQ'\\L^ < [2"' + 2i°'=)-\ (5.5) 
2~'^h^'-P^^'\\g2,,>U. +2^'/'~f>^^g^,U^ + 
and, moreover, 

2(7-/3-i/2)fe22fe+2^J"' sup <(2"'= + 2io^)-i. (5.6) 

i?e[2-3',2'=],5oeK3 

Then we decompose, using the formulas (|5.3p and (|5.5p . 

^f\x)-PkQf{x)^Gi+G2, 

G,{x) := ^r(^) • ^91,3' * Kk){x) + '^f • (52j' * Kk){x), 

G2{x):^ Y ^f{x)-{g2,r^Kk){x). 

r>-k. ij'-ji<3 

In view of the definitions, for (j5.2p it suffices to prove that 

I|Gi||b^,^. + I|G2||b^^^. <i- (5.8) 



(5.7) 
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To prove the bound HGiUsi < 1 wc notice first that 

Y: Wf^ ■ (51.' * K,)U. < Yl ^ (2"'= + 2io'=)-i2-(™, 

j'>-k, \j'-j\<3 j'>-k, |i'-j|<3 

Y: ■ (.91.' * K,)]U^ < Y \\9^'h- ^ (2"' + 2i°'=)-i2-(V2-«^ 

3'>~k, |i'-j|<3 j'>~k. lj'-j|<3 

Therefore it remains to prove that 

Y [ll^f • (51.' * K,)U. + ll^f . (52.' * K,)U.] < (2"'= + 2io^r^2-(i+«^ 
f>-k, b'-il>4 

Y [W^l^f ■ (91.' * K,)]\\l^ + ■ (52.' * K,)]U^] < (2"^^ + 2io'^)-i2-(V2-«fc 
i'>-fc, li'-j|>4 



(5.9) 



Since 



for (|5.9p it suffices to prove that 

5^ . (51.' + ll'^f • (52.' *iffc)|U^] < (2"'= +2i°^)-i2-3.-/22-(i/2-«fe (5.10) 

j'>-fc, |j'-j|>4 

Notice that if \j - j'| > 4 and ^ G {1, 2} then 



■ {g^,,y * Kk){x) ^ (p^^'ix) ■ (5^jv * Kk,j.j'){x) where Kk.jj'iz) i4:fe(z) • <y3[max0j')-io,oo)(^)- 
Therefore, using (|5.4p . 



E 

j'>-/c, |j'-j|>4 



11 • (ffi,,. * Kk)h^ + ■ (52.' * Kk)h^ 



(fe) 



<23^-/2 ^ [(I1.9i.'I1li + I152.'IU0I1^m.'IU' 
r>-k. \j'-3\>4 

< 23j/2 2'^-''/^(2"'^ + 2"'"*^'^)^"'" • 2^'-"'"^'^^^'2^^^ • 2'^'^(1 + 2*^2™^^^-''-'''')^^ 

j'>-k 

< {2"^ + 2i"*-')"i2"^^/^2"(^/^~'^)^ • 2~l''+^l, 

which suffices to prove the desired bound (|5.10p . 

To prove the bound ||G2||b2 < 1 in (|5.8p we notice first the 

l|G2||r^ < Y ll52.'IU^ < (2"' + 2i°^)-i2-(i-«^22^^ 

3'>-k. |j'-j|<3 

iig;iu°= < Y ii^'iu- < (2"' + 2i°'=)-i2-(i/2-«^ 

j'>-fe, |j'-j|<3 

using the assumptions on g2,j' in (|5.5p . Therefore it remains to prove that 

2(.^/^-i/2)^22/c,27/^-2||_^[~W . (^^^^., ^ < (2"'^^ + 2i°'=)-i 

for any R e [2-^, 2*^], Co e and j' G [j - 3, j + 3] n Z. 



(5.11) 
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To prove ()5.1ip we notice that, for any ^ e ^^(Co, R), 



J 

Therefore 

WJ'i'pf^ ■ {92^]' * Kk)]\\LHB(io,Ry) ^ sup ||g£7'||Li(B(6,-R.))' 

and the desired bound (|5.1ip foUows from (|5.6p . □ 

We prove now several dispersive estimates. 
Lemma 5.2. (i) For any k E Z, t £ M., a £ {1, . . . ,d}, and g £ L^(M.^) we have 

l|i^(-oo,fc]e"^'g||L^ < (1 + |t|)-^/223^-+||.g|Ui. (5.12) 
(ii) Assume \\f\\z < 1, t G M, G , and let k = min(fc,0) and 

fk.j ■■= P[k-2,k+2]['pf^ ■ Pkf]- 

Then 

ll/fcjIU^ < (2"'' + 21°'^')-! • 22^'=^2-(i-'^)^' (5.13) 

and 

sup |^^A}(0| <\p\ (2"^' + 21°'=)-^ • 2-(i/2-«fc2l''l^'. (5.14) 



(5.15) 



Moreover, for a £ {1, . . . , d} , if k < then 

||e**^-/fc.,||^„ <2-"'=min(2-(i+«J23'=/2,(l + |t|)-3/22(i/2-/Jb) 

+ 2-"'=min(2(-'^+^+5/2)fc2-7j^ (1 + |i|)-3/22(i/2+/3)j22/3fc)^ 
// fc > then 

||e'*''"/fc,j|L=e <2-^'min(2-(i+'3)^(l + |t|)-3/22(V2-W)+2-6fcmin(2-^^(l + |tr (5-16) 
('zmJ a consequence 

E <min(2(l+^-")^2-lO'=) (5.17) 

j;>max( — A:,0) 

||e**^''/fc,j||^^ <min(2(i/2-/3-a)fc^2-6'=)(l + |i|)-i-'5. (5.18) 

j>max( — fc,0) 

Proof of Lemma \5.2\ The dispersive bound (I5.12p is well-known. To prove the bounds in (ii), we start 
by decomposing, as in (|2.23p - (|2.26p , 

' - Pkf = 31 J + 52 J, 9l,j = 91.J ■ VyL2,j+2] ' 92,3 = g2,j ■ V[j-2,j+2] ' 

2^'+''^^II.9i,jIIl^ + 2(i/2-'3)fe||gi;-||i^ < {2"'^ + 2iofc)-i, (5.19) 
2-^^h^'-^^^\\g2j\L^^+2('/'-^^h9^3h^ < (2"'= + 2io'=)-i. 

The bound (I5.13P foUows easily. To prove (|5.14p we use the formulas in the first line of (|5.19p to write, 
for M = 1,2, 



^In many places we will be able to use the simpler bound I I5.18I I. instead of the more precise bounds 115.1511 and I I5.16I I. 
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Therefore 

The desired bounds (jSllI follow using the bounds \\9ji;j\\L-- < (S"'' + 2^°'')-^2-'^^^^~'^^^ , see ([ETO)) . 
We prove now the bounds (|5.15p . Assuming fc < we estimate 

and, using (|5.12l) . 

\\e''^'P[k-2.k+2]9i,j\\L^ ^ (1 + \t\)-'^'hiAL^ 

<il + \t\)-'^'2'^/^gijL^ 

< (1 + |t|)^'^/^2''^/^ • 2^"'^2^'"^"'"^^-'. 

Therefore 

||e^*^'P[,-2,fe+2]5i,,|L. <2-"'=min(2-(™23'=/2,(l + |t|)-3/22a/2-W). (5.20) 

Similarly, 

\\e''^'P[k-2,k+2]92,j\\^^ < Wg^jh^ < 2-"'=2(-^+^+5/2)'=2-^^ 

and, using (|5.12l) . 

||e^*^-P[,-2,fe+2]52,,|L^ < (1 + |t|)-'/'|l52.,|lLi 

< (1 + |t|)"''^/^23-''/^ • 2""'=2^'^''2"(^"'^'-''. 

Therefore 

||e'*^"P[fe_2,fe+2]52.,Loo < 2-"'=min(2(-'^+'3+5/2)'=2-^^(l + |t|)-3/2^ (5.21) 
Similarly, if fc > then we estimate 

\\e^'^-Plk-2.k+2]9i4L^ ^ 2''^'\\9iAl-^ < 2'"^' ■ 2-io'=2-(i+«^ 

and, using (|5.12p . 

||e^*^-P[fe_2,.+2l5i,.|Lo. < (1 + \t\)-'/'2^H9ijL^ 

<il + \t\)-'/^2'''2'^/^g,Ji^. 

< (1 + |i|)"3/22-'^''23^'/^ • 2"i°'^'2"(^+'^^^'. 

Therefore, 

||e''^"P[fe-2,fe+2]5ij|Lo„ <2-'^STiin(2-(i+«^(l + |t|)-3/22(i/2-«.). (5.22) 

Similarly, 
and, using (|5.12p 



e--P[,_2,fc+2]52,,|L^ < lls^JIUi < 2-i"'^-2-^^ 



||e^*^"P[,_2.fc+2]52,.|L. < (1 + \t\)-'^'2'%2j\L^ 

<(l + |tr3/223fe2='^/2 11.92,, II 

< (1 + |<|)"3/223''23^'/^ • 2"i'^'=2~'^^"'')-''. 

Therefore 

||e**^'P[,_2,fe+2]g2,,|Lo„ <2-«''^min(2-^^(l + K|)-3/22(i/2+/3b-). (5.23) 

The last bound in ((5?T5|) follows from ((O^ and ((O^ . 

(iii) The desired bounds follow directly from (|5.13p . (|5.15p . and (|5.16p . by summation over j. □ 
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Lemma 5.3. At 



that k,ki,k2 €i 1i, and p, q Cz [2, od] satisfy l/p + 1/q = 1/2. Then 



< 



\.f\\Lp\\g\\Li- 



More generally, if ki < k2 and A^-kiM : R x M — > C satisfies 



sup sup A-l''lAj"l|i?gD-Afe;fe„fe,(x,y)| < 1, 

|^|g[2fc-l,2'=+i], |y|e[2''-i-i,2'=i + i] |p|,|cr|e[0,4l 

for some A, Ai G (0, oo), then 

<(l + 23'=A3)(l + 23'=iA?)||/||ip||g||L,. 
Proof of Lemma \5.3[ The bound ()5.24|) follows from Plancherel theorem. To prove ()5.26p , letting 

F(0:= / Ak.MMiti-v)M0^kAi-v)^kM-m-v)9iv)dv 

we calculate 



(5.24) 
(5.25) 

(5.26) 



{T ^F){x)=c f{y)g{z)Kk-kiMi^'^y^z)dydz, 



where 



Kk;ki,k2ix;y,z) :-- 
By integration by parts, using (|5.25p . 

|iffe;fei,fe,(a;;y,z)| <23'=( 
and the desired bound ()5.26p follows. 



N - A 

2-'^- + A 



□ 



The following general oscillatory integral estimate is used repeatedly in the proofs. 
Lemma 5.4. Assume that < e < 1/e < K, N >1 is an integer, and f,g & C^(M"). Then 

e'^'fgdxl <N {Ke)-^[ ^ e^WD^^gU^], (5.27) 
|p|<JV 

provided that f is real-valued, 

|V,/| > Isuppg, and \\DPf-lsuppg\\L^<Ne^-^''K2<\p\<N. (5.28) 

Proof of Lemma \5.4\ We localize first to balls of size ~ e. Using the assumptions in (|5.28p we may assume 
that inside each small ball, one of the directional derivatives of / is bounded away from 0, say \dif\ >n 1. 
Then we integrate by parts A*" times in xi, and the desired bound (j5.27p follows. □ 

5.2. Analysis of the functions ^'^'t^''^ and S**'". For a e {1, . . . ,d} and p,i^ e Id, 

P={(Tiii), J^=(0-2i2), Cri,(T2 e tl,t2e { + ,-}, 

recall the definitions of the smooth functions : ^ (0,oo), ^'^•i^^" : ^ _ 
$-^'^•''(^,77) = A.(0 - Mi -11)- A.(r;), 



(5.29) 
and S^-'^ : 



clAv-i) 



(5.30) 
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In this subsection we prove several lemmas describing the structure of almost resonant sets, which are 
the sets where both \^""'^-''^{^, ri)\ and 77)! are small. These lemmas are used at several key places 

in the proof of Proposition 14.11 Recall the sets 



defined for a e {1, . . . , d}, /i, G Id, k, ki, k2 G Z, Si, S2 G (0, co). 
Lemma 5.5. (i) Assume that 

k < -D/im, (5i2'=^ < 2-^/1°", 82 < 2-^/1°". 

Then 



J <^ 2 — D 2— i'ii^^{ki ,k2) 



(5.31) 

(5.32) 
(5.33) 

(5.34) 
(5.35) 



(ii) Alternatively, assume that 

niax(fci,fc2) > D/2, Si < 2-^2-^ '"'^'^('^^■'^^^ 

Then 

Proof of Lemma [^75[ (i) Assume that there is a point {^,1]) G t^l'^'^u^-Si s^- Si'^ce k < —D/lOO and 
I (C, 77)1 < 2-^/i°o, using the assumption \b„ ± ±b„J> 1/A (see ^Ml) it follows that 

ki,k2>-CA, (5.36) 
where, in this proof, we let Ca denote constants in [1, 00) that may depend only on A. Moreover, 

I (&^ + c^ienv^ - + c^jr, - V2 - .2(6^, + < hn^/^i < 2-^A"°. 

Since 



it follows that 



Using the definitions (|5.29p - (|5.3ip . we see that 



(5.37) 



ti 



{bl +c2 |,^-eP)i/2 ' ''(62 +c2 |ryP)i/2 



< Ca<5i. 



Since 



(62^+c2J,y-eP)i/2 (62^+c2Jr;P)i/2 
it follows that ti • 12 = — 1 and 



< Ca2 



k~k2 



<Ca((5i + 2'=-'=^). 



Therefore 



(4< - ctclM' + [blA. - blcl)\ < Ca{5,2^'^ + 2'=+'=^). 



In view of the assumption in the second hne of (|2.28p , this imphes that 

\cIcI.-<cI^U<Ca{Si2''^+2'^'% 



\bl ci ~b-c 



J I 



Therefore 



< Ca{Si2^^^ +2'=+'=^). 
caj < Ca{5i + 2^-^-) and \b,, - < Ca{5i2"'' + 2^+"^-), 



52 



ALEXANDRU D. lONESCU AND BENOIT PAUSADER 



which shows that 

This is in contradiction with ([07)) . since ti • = -1 and 2^= + 6x2'-'^ < Ca2"^/^"". 

(ii) As before, assume that there is a point ??) G ^'k'ki'k2-Si 62' Assume that 77 — re, ^ = se + v, 
r e [2''^-^, 2'=2+4], e e §2, s G R, w • e = 0. The condition ry')] < gives 



c2 (r - s) 



(62^+c2^((r~s)2 + |„|2)i/2 



(62^ + Cl^ ((r - S)2 + |^|2)l/2 ^ 2 (^2^ ^ ^2^^2)1/2 

Therefore 

^ ^ [2''^^-^2'=^+6], |s| e [2'=-^2'^■+6], |r-s| e [2'=i-^2'^'i+6], 

and 



min(fci,fc2) > max(/ci, fca) — -D/10. 



Assume first that 



< CaSi. 



(5.38) 



(5.39) 



(5.40) 



Using (|5.38p - (|5.39p and the assumption (|5.34p . and recalling that 
it follows that 



e {0}U[l/A,oo), see ^Tm . 



^(T 1 ^<72 7 



/,i62(r-s) <0, |5,Jr-s|-6,,r| <Ca<5i23"--('=i^'=-). 
As a consequence of the last inequality and the assumption \b„^ — I G {0} U [IM, 00), 

either \s\ > 2'"^'=(fci.fe2)-^/i" or 6^, = b„., and |s| < C'^5^23'"^'^('=i-'=^). 
To use the condition |<i>'^''''''(^, ?7)| < 62, we estimate first, using (|5.38p and (|5.40p . 



(5.41) 
(5.42) 



2c,,\r-s\ 



Oa{2 



— 3 min(fci ,/c2 



Therefore, using again (|5.38p and (|5.41l) . 



\^''-''''''{^,v)\ = I Vbl + - .1 ^bl^ + cl^ h - + < 



^1. 



i2 



0^52 - Cm s 



2ca^\r - s\ 
"2 



2ccri(r-s) 2ca^r 



Oa{2 



^1 

C(j2 ' 

-3min(fci,fc2)\ 



(5.43) 

We examine now the alternatives in ([QS]) . Clearly, if \s\ < C^J^23™'^'^('=i''=2) then |$'^;'^''^(^, r;)| > Q\ 
in contradictions with the assumption |$'^'^'''(^, 7y)| < 62. On the other hand, if \s\ > 2™'^^('=i.'=2)--D/io^ 
the using (|5.43p and the assumption l^"^'^'" {£,,r])\ < 62, it follows that 



0"1 0"2 



s r — s r 

We compare now with the last inequality in (|5.4ip . written in the form 



^ (jj^'2^^2~ ^^^^^^^^^^ 



(5.44) 
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Letting A b^^/r e [C /2-^^ ,Ca'2.^'"'], it follows that -A|r-s|| < Ca2"^. Using the last inequality 
in ({Oil it follows that \bl - \^s^\ < Ca2~° . Therefore 

\b,, - \r\ + \b,, - A|r - s|| + \b, - \\s\\ < Ca^-", 

which is in contradiction with the assumption in the first line of (j2.27p . 
Assume now that 

min(fci, ^2) < max(fci, fc2) — -D/10 and fci < fe. (5.45) 
Using (|5.38p - (|5.39p and the assumption (15.341) it follows that 

Hi2(r - s) < 0, k - s \ _ ^ (J 2-'^m^^ik,M) (5 46) 

Since \r-s\ < 2''^+^ < C^2--°/i°2'"''''('=i''==^) it follows from the inequality above that > c^^, therefore 
C(Ti > C(j2 + 1/A. Using again the last inequality in (|5.4ip . it follows that \r — s\ < Ca and s > 2'^'^^^'^. 
Therefore we can write 



= \c^s ~ Liyjbl^ + cljr ~ s\2 ~ i2C^,r\ + Oa{2-'''). 



(5.47) 



Using the assumption |$'^^^'''(^, 77)! < 62 and the inequalities |r — s| < Ca and s,r > 2^^^ ^'^ proved earlier, 
it follows that — c^^ , L2 — I, and 



+c2Jr-s|2| < Ca2-''\ 

It is easy to sec that this is in contradiction with the last inequality in (|5.46p and the inequality Ca-^ > 
Ca-2 +i/A proved earlier. 

The proof in the remaining case 

min(fci, k2) < max(fci, ^2) — D/10 and ki > k2 

is similar. This completes the proof of the lemma. □ 

To deal with the spacetime resonant region we need a more precise description of the sub-level sets of 
the functions and |S''''^|. The estimates in Lemma [521 and Lemma [5^ below are used only in the 

proof of Proposition 14. Ill 

We define the functions r''^'^ : (0, 00) — > M, /i = (criti), i' — {^21^2), in the following way: 

(a) if /,! • i2 = 1 then r^'^{s) is defined, for any s > 0, as the unique solution r e [0, s] of the equation 

ct (s — r)2 cl 

^ -0. (5.48) 



(b) if {ii • i2 = —1, Co-i > Ccr^} or if {ii • i2 = — l,Ccri = c^^, > ^cri } thcu r^''^ [s) is defined, for any 
s > 0, as the unique solution r S [s, 00) of the equation 

(c^^< - 4c^J(r - sf + 4^b%{l - s/rf - ^ «• (5-49) 

(c) if {ii • i2 = — 1, Co-j < Cctj} or if {ti • i2 = — 1, — Co-a, ba^ > 60-2} then r^''^{s) is defined, for any 
s > 0, as the unique solution r £ (—00, 0] of the equation 

- 4A.y + ctxy/ir - sr - = o- (5.50) 

The function r'^''^ is not defined (nor needed) when {ii • L2 = —1, Co-j = Cct.-,, ba-^ = b^^}. Notice that 
r>^''^ is well-defined since the functions in (|5. 48^ - 1)5. 50p are strictly monotonic (as functions in r) and 
change sign in the respective ranges. 
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Lemma 5.6. Assume that a G {1, . . . ,d}, /i ~ {aiLi),v = ((72t2) G ^d, k,ki,k2 G [—D,2D] nZ 
6 e [0,2^"'^''^], and assume that there is a point S R'^ x satisfying 



% \E'^-^i^,v)\<d. 



Then, with r^'''' defined as above and letting p^"^" {£) := r^'^'dCDC/ICI, 

< 2*^'5 and = 0. 

Moreover, for any s £ p''"^, 2^"+^], 

min {\id,r^^nis)l |1 " id,r^n{s)\) > 2"^^, 



|P^^''')(s)|<2 



20D 



(5.51) 
(5.52) 

(5.53) 



Proof of Lemma \5.6\ We remark first that the existence of a point (^,77) satisfying ()5.5ip implies non- 
trivial assumptions on k,ki,k2 and the coefficients ii , t2 , Co-i , Co-a , ^o-i , ^0-2 ■ The conchisions of the lemma 
depend, of course, on the existence of a point (^,77) satisfying (|5.5ip . 

We examine the formula (|5.30p and assume that ^ = |^|e for some unit vector e £ S'^. li i^ — pe + v 
with p £M., V £ R^, and v ■ e — 0, then the condition |S^^''(^, 77)! < (5 shows that 



^hl^+ci^[\v\^ + {p-\m 

^<(p-iei) 



-c2^(|fP+p2) 



V6^^+4^(|z;|2 + (p-|e|)2) V^2^+c2^(|7;|2+p2) 
In particular, using the second equation in (|5.54p . 



< 5. 



(5.54) 



\p\ > 



lr)k — ki 



where, in this proof, the constants Ca £ [1, 00) may depend only on the parameter A. Since |p| < (7^2*^^ 
it follows that 



Using now the inequality in the first line of (|5.54l) it follows that 



— Icik—k-i —ko 



\v\ < Ca2 



\p\ e [2 



^2— 6 nA;2+6i 



(5.55) 



We analyze now more carefully the inequality in the second line of ()5.54p . Using ()5.55p we see that 



d(p-iei) 



^bi^+ci^{\v\^ + {p-\m V^pr^Jp^W V^i, + ciM'' + p') Vbi. + <^i.p' 

Therefore 



^i<(p-|ei) 



^2CI,P 



< A6. 



We consider two cases: if ii • t2 = 1 then p £ [0, and the equation ()5.56p shows that 

ctM\-p)' 



< s. 



(5.56) 



bi,+ci^m-py 



bl 



< CaS. 



In this case we let s := |^| and use the definition (|5.48l) . Using also (|5.55p it follows that \p — r^'''(s)| < 
Ca2^-°(5, and the desired conclusion (|5.52l) follows in this case. 
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Assume now ti • t2 — ^1 and either Ca-^ > Ca-2 or {ccr^ — Co-2, ^0-2 

> 6ctJ. Using (f535l) . (|5?56l) . and the 
assumption p.28p . it fohows that c^^b^^ > c^^bl^, p e [|^|,oo), ki < k2 + 10, and 



52 



Therefore 



1(4' 

Recall that either (c^ 



J > C^^ or cl6i 



Cct2^o-i 5^ C*^^- Then we let, as before, s := \^\ and use 



cr2, < &<Ti}. Using (j5.55p . 



the definition (|5.49p . The conclusion (|5.52p follows, using also (I5.55P 

The argument is similar if ti • t2 = — 1 and either Co-i < c^2 {^o-i 
(|5.56p . and the assumption (12.28^ . it follows that C^^^l^ > c^^&^a' /° ^ 0], fc2 < Ai + 10, and 



-ci,{p-m 



"1 



< CaS. 



Therefore 



4 2 



ctbL 



< CASil 



)• 



Then we let s := \£,\ and use the definition (I5.50p . The conclusion (|5.52l) follows, using also (|5.55p and 



the fact that either (c^^ ^ 



To prove (|5.53p we let, for simplicity of notation, r{s) = r'^'''{s). We differentiate (|5.48l) . so 



[bl^+cl^{.s-rr]' [bl^- 
Using again the equation (|5.48l) it follows that 



c2^^2] 



r'{s) 



l2 „4 „3 



bl,ci^r^ + bl^ct^{s-rf 
The desired bounds in (|5.53p follow easily in this case since r(s) « 2*^^, s — r{s) « 2^^ . 



Similarly, we differentiate (|5.49p to get 

„4 ,2 



4 2 

Ccr2 ^CTi 



which gives 



r'(.) 



b' (r 



(4ic2^ -42c^i)'^^ + 4i^^2s' 



The desired bounds in ()5.53p follow easily in this case as well. 
Finally, we differentiate ()5.50p to get 

which gives 



r'(,s) 



and the desired bounds in (|5.53p follow easily. 



C4 62 S ' 

CT2 <Tl 



□ 



Remark 5.7. T/ie conclusions of Lemma 15.61 /to/rf. m a suitable sense, without making the assump- 
tion k,ki,k2 < 2D. More precisely, to prove the bound (j4.28l) . we rjeec? the following slightly stronger 
version: assume that a € {1, . . . ,d}, p — {aiLi),^ = (cr2'-2) G ^d, ^,^1,^2 G ["-DjOo) H Z, 5 G 
[0,2-**^2-''™^^('=i^'=^)], and assume f/iaf there is a point (^,77) S ^ satisfying 

\^\ e [2'^-\2''+% He[2'=^-4^2^^+4], l^-ryle [2^=^-4, 2^=^+4], \E^^- {^,r^)\ < 6. (5.57) 
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Then, with r'"''^ defined as m dOSt - ([530]) . and letting pt^'" {^) = r'^'" 

|r/-p^^''(0| < 2'''"'^'^('=i''==),5 and Ef"'" {£„p^'''' {£,)) = 0. (5.58) 
The proof of (j5.58p is similar to the proof of (|5.52p given above. 

Lemma 5.8. As in Lemma \5.6\. assume that a G /i = ((Titi),^' = (cr2i2) G 2!^^, k,ki,k2 G 

[— Z), 2Z)] n Z, and assume that there is a point (^,77) G K"^ x M'^ satisfying 

lei G [2'=-4,2'=+4], Iryl G [2'=^-^2'=^+4], |^ _ e [2'=i-4, 2'=i+4], < 2-i"^. (5.59) 

We define the function ^'^•^■'^ : [2'=-*, 2'=+'*] ^ M 

:= $'^^'^''^(se,r^'''(s)e) 

= (5^ + cls^/' ^1 + 4, (r''-(.) - .)^] - .2 [6^, + <r'^-(.)^] ^"'^'^^ 

/or some e G (the definition, of course, does not depend on the choice of e). Then there is some 
constant c — c{li, i2, Co-, ba-, Ccy-^,b„j^,Ca-2iba-2) G {^1;!} "with the property that 

if s G [2'^-^ 2*^+4] and |^''^'^'''(s)| < 2^20^ then c{d,^''''''''){s) > 2-^°". (5.61) 

Proof of Lemma \5.8\ For simplicity of notation, let ^(s) [s) and r{s) :— r^''^{s) in the rest of 

the proof. Recalling that S^'''($, r^'''(|^|)C/|^|) = 0, it follows that 

^'(s)^ + , . (5.62) 

Vbl + cW V6^^+c2^(r(s)-s)2 



Recall the identity, see ()5.56p . 



= 0. (5.63) 



^bi^+ci^{r{s)-sr Vbl^+ciA^r 
Recalling ()5.48p - (j5.50p . in proving ()5.6ip we need to consider five cases, 

(/,i,/,2) = (1,1) and r(s)G[0,s], (5.64) 

or 

('-1, '-2) = (-1, 1), Ccri>Co-2, and r(s) G [s, cx)), (5.65) 

or 

(ti, 62) = (1, -1), c^i>Co-2, and r(s)G[s,oo), (5.66) 

or 

(ti, '•2) = (1, -1), CcTi < Cera, and r(s) G (-00, 0], (5.67) 

or 

(ti, '-2) = (-1, 1), Cc,j<Ccr2, and r(s) G (-00, 0]. (5.68) 
The desired lower bound in (|5.6ip follows easily from the identities (|5.62l) and (|5.63p . with c :— 1, in the 
cases ^i^M^ and (lE^ . 

We consider now the case described in (I5.64p and rewite, using (I5.62p and (|5.63p . 

els cl{s-r{s)) els clMs) 



Vbl + cW ^bl^+cl^{s-r(s)Y ^bl + c2 s2 ^6^^+4^r(s)^' (559) 



*(s) = ^bl + cW- ^hl^+c:i^{s~r{s)Y- ^bl^+clr{sy 



If Ca > c^i then clb^^ > cl^b^ (see ^(TM ) and the inequality *'(s) > 2"^°^ follows easily from ((09)) . 
since |s| 2*=, |r(s)| 2''^ |s - r(s)| 2^^- Similarly, if c^ > c^^ then clb„^_ > cl^ba- (see (|2.28p ) and 
the inequality *'(s) > 2"i°-° follows easily from (|5.69l) . 
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On the other hand, if Ca < min ( Co- , Co-j), we consider two cases: assume first that 
max(co-i , c<^2 ) >c„ + l/A, min{c„^,c„^) > c^. 
In this case we estimate, using (15.69^ and the assumption |^'(s)| < 2^^"-^, 

clAs - r{s)) + clr{s) ds 



> cl,{s - r{s)) + cl^r{s) - els _ 



The desired bound (|5.6ip follows. 
In the remaining case 

we show that |5'(s)| > 2^^°^, which would suffice to prove ()5.6ip (since the hypothesis in (|5.6ip does not 
hold). Indeed, the identity (|5.63l) shows that 

Letting k := ba-i/bcr^ = {s — r{s)) /r(s) G [I/yl^,yl^] and using also the assumption [b^y — feg-i ~ ^<t2 I > iM 
(see (|2.28p ). we estimate 



|*(s)| = I ^bl + C2 s2 - ^ K^bl^ + c2 K2r(s)2 - ^52^7^^ 



> 2 



-3D 



l + cls')-{n + lf{bl+clr{sf) 



0"2 



>2-^^C^>,-(« + l)&,2l 
> 2-3^Cj\ 

as desired. 

We consider now the case described in (|5.65p and rewite, using (|5.62p and (|5.63p . 

els elMs)-s) els clMs) 



Vbi + cW ^bl^+ Claris) -sf ^bl + c2 ,2 ^fe^^+c2^r(s)2' (^ ^q) 

vl'(s) = V6^ + c2s2 + ^62^+c2^(r(s)-s)2- ^^2^ + (r(s)2). 

If > then cl^b„ > £26^^ (see (|Z;28)) ) and the inequality -*'(s) > 2"^°^ follows easily from (|5J0)) . 
since \s\ 2'=, |r(s)| 2'=^ |s - r(s)| 2''^i. On the other hand, if 

Cera — niin(ccr, Co-j ) then, as before, 

we consider two cases. If 

max(ca-, Co- J > Co-2 + min(co-, Cg^J > Co-^, 

then, using (|5.70p and the assumption |4'(s)| < 2^^^^ , we estimate 

els clr{s)-clMs)-s) 



^\s) 



> els - cl^rjs) + el^rjs) ~ s) _ 



> 2^1"^, 

as desired. 
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On the other hand, if 



we show that |5'(s)| > 2^^°^, which would sufBce to prove ()5.6ip (since the hypothesis in (|5.6ip does not 
hold). Indeed, arguing as before, the identity (|5.63p shows that 

Letting k := h^^/h^.^ = (r(s) — s)/r{s) G [1/^^, 1] and using the assumption \h„ + 60-1 ~ ^o-2l — (see 
(1^^ ). we estimate 

l*(s)|= ^/bl + c^s'^ + ^n'^hl^ + c2K2r(s)2 - ^hl^ + clr{sf 



> 2 



-3D 



> 2-3^Cj\ 

as desired. 

The analysis in the case described in (15.67^ is similar. This completes the proof of the lemma. □ 
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